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Abstract 
Sara Lenhart.  THE EFFECT OF TEACHER PEDAGOGICAL CONTENT 
KNOWLEDGE AND THE INSTRUCTION OF MIDDLE SCHOOL GEOMETRY. 
(Under the direction of Dr. Shante Moore-Austin) School of Education, September, 2010. 
This study investigated the relationship between middle school math teacher pedagogical 
content knowledge as gathered from a teacher assessment and student Standards of 
Learning scores.  Nine middle-school math teachers at two rural schools were assessed 
for their pedagogical content knowledge in geometry and measurement in the specific 
area of decomposing and recomposing one-dimensional and two-dimensional figures.  A 
Pearson’s Product Moment Coefficient statistical test was used to compare teacher 
assessment scores of each pedagogical content knowledge level with student Standard of 
Learning math scores.  The results showed that there is a relationship between teacher 
pedagogical content knowledge and student Standards of Learning scores in geometry 
and measurement. 
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Chapter 1:  Introduction 
Sally is a math teacher at Parkstone Middle School in Virginia.  She started 
teaching right out of college.  Sally is in her fourth year of teaching.  Standards of 
Learning (SOLs) are the only evaluative measure Sally has ever known about education 
in Virginia.  She was taught in college that the SOLs were the driving force for 
curriculum, teaching, and learning and that they should be the main focus in the 
classroom.  Sally feels that her content and pedagogical knowledge are sufficient for her 
classroom.   
One day, Sally is teaching an SOL about geometry and measurement in her 
seventh grade classroom.  She gives her students an odd shaped figure on a piece of 
graph paper and asks them to find the perimeter of the figure.  She is looking for an 
answer of 12 units.  As she walks around the room looking at answers, she sees that most 
students have the answer of 12 units.  Sally is very pleased.  When everyone has finished 
the problem, she goes to the board and proceeds explaining how one would find the 
correct answer of 12 by counting each unit of length around the odd-shaped figure.  One 
of her students, Mike, raises his hand and says, “I have 12 as an answer, but I didn’t do it 
that way.”  Sally goes to his desk to look at his work.  Mike has put a dot at each lattice 
point and counted 12 dots.  Sally knows his method is incorrect, but she cannot think of a 
counterexample to show him because it seems his method could work in every situation.  
Sally honestly does not know how to explain why his method is incorrect because it 
seems like a reasonable technique.  Sally realizes that several students have done 
processes similar to Mike’s to get the answer.  On one hand, the strange method will 
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allow the students to get correct answers on the SOL test.  On the other hand, Sally 
knows that there is a misconception among the students somewhere. Should Sally let 
Mike and the others continue to find perimeter in this method or find a way to correct it?   
Sally’s situation above is fictional but can easily reflect teacher situations in the 
classroom.  The situation involves both content and pedagogical knowledge in geometry.  
Sally knows how to find the answer to the problem (content knowledge), and she knows 
how to give the information for finding the answer (pedagogical knowledge); however, in 
the previously mentioned situation, Sally lacks the pedagogical content knowledge (PCK) 
to counter Mike’s mathematical misconception.   
Background of the Study 
Teacher knowledge.  
The No Child Left Behind Act (NCLB) insists that teachers actually know the 
subject they teach.  Having a highly-qualified teacher in each classroom is of utmost 
importance according to NCLB. According to the Department of Education (2004), to be 
deemed highly qualified, teachers must have: 1) a bachelor's degree, 2) full state 
certification or licensure, and 3) proof that they know each subject they teach” (p. 4).   
Hill, Rowan, and Ball (2005) found that there is no surprise that the quality of 
mathematics education coincides with how much content knowledge the teacher has.  
Mathematical content knowledge can be gathered from math courses taken throughout 
grades K-12 and college, but knowing math is not the same as being able to teach math.  
According to Hill, Rowan, and Ball (2005), “Mathematical knowledge for teaching goes 
beyond that captured in measures of mathematics courses taken or basic mathematical 
skills” (p.327).  Mathematical knowledge for teaching includes content knowledge and 
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pedagogical content knowledge.  Therefore, knowledge of pedagogy in the content area is 
just as important as content knowledge in the teaching of mathematics.   
Virginia math standards.   
Testing of state standards of core subjects followed after the NCLB Act.  Virginia 
math standards, which are of interest in this study, are modeled from the National 
Council of Teachers of Mathematics (NCTM) standards for grades K-12.  The NCTM 
standards place an emphasis on Numbers and Operations, Algebra, Geometry, 
Measurement, and Data Analysis and Probability.  The Virginia Standards of Learning 
(SOLs) have similar strands of Number and Number Sense; Computation and Estimation; 
Measurement, Geometry, Probability and Statistics; and Patterns, Functions, and Algebra.  
Virginia students are tested every year in the math areas starting in grade four through 
grade eight.  High-school students are tested in the specific subject they take instead of all 
the strands (Algebra I, Geometry, or Algebra II).    
Geometry and measurement standards and teacher knowledge. 
 Geometry and measurement are strong strands in Virginia SOLs and NCTM 
standards, especially in the middle grades.  Students need to understand middle school 
concepts in geometry and measurement in order to have success in high school geometry.  
In order for students to get this understanding, their teachers need to have a strong PCK 
in geometry and measurement.  This knowledge comes from math courses, education 
courses, experience, and professional development.  Unfortunately little has been done 
with regard to assessing teacher PCK in geometry and measurement because of the lack 
of tools (Manizade, 2006). 
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Theoretical Framework 
 The theoretical framework of this study was rooted in Shulman's work of 
pedagogical content knowledge. Although content knowledge and pedagogical 
knowledge are very important to the teaching profession, Shulman has described PCK as 
the understanding of how topics and strategies in specific subject areas are understood 
and misunderstood (Shulman, 1986).  Shulman's (1986) work showed that content 
knowledge and pedagogy are not enough to understand student misconceptions.  
Teachers must possess PCK of their content area in order to facilitate students’ learning 
(Ball, 2000).  The current study focused on mathematical pedagogical content 
knowledge.  Mathematical PCK is part of mathematical knowledge for teaching (MKT).  
Mathematical knowledge for teaching (MKT) is considered to be “the mathematical 
knowledge needed to perform the recurrent tasks of teaching mathematics to students” 
(Ball, Thames, & Phelps, 2008, p. 399).  MKT is made of different domains of content 
knowledge and pedagogical content knowledge.  Many studies have shown that the MKT 
is a predictor of student achievement in mathematics (Hill & Ball, 2004; Hill, Rowan, & 
Ball, 2005; Hill, Schilling, & Ball, 2004; Koellner, Jacobs, Borko, Scheider, Pittman, 
Eiteljorg, Bunning, and Frykholm, 2007).  PCK is a very important part of MKT.   
Statement of the Problem 
 The current study examined if teacher pedagogical content knowledge in 
geometry and measurement correlate with student scores in geometry and measurement 
on standardized achievement tests.  It answered the following question: What is the 
relationship between geometry and measurement pedagogical content knowledge of 
middle school mathematics teachers and student achievement on the geometry and 
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measurement portion of the Standards of Learning assessments? 
Research Question 
The following research question was the guiding force in this study: 
In what ways, if any, does a middle school teacher's pedagogical knowledge of 
decomposing and recomposing one and two-dimensional figures influence student 
scores in high-stakes testing situations? 
Statement of Null Hypotheses 
Divided by grades or schools, the hypotheses were made based on examined 
literature and nature of the tools used for the study.  Null hypotheses were used instead of 
alternative hypotheses:  
Sixth grade. 
 There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
the student Math 6 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of useful representations of the content and the student 
Math 6 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of developmental levels and the student Math 6 SOL 
test scores on geometry and measurement questions. 
 There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of connections among “big math ideas” and the student 
Math 6 SOL test scores on geometry and measurement questions. 
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 There will be no correlation between the sixth grade teacher rating on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and the student Math 6 SOL test scores on geometry 
and measurement questions. 
Seventh grade. 
 There will be no correlation between the seventh grade teacher rating on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
the student Math 7 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the seventh grade teacher rating on a given 
assessment in knowledge of useful representations of the content and the student 
Math 7 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the seventh grade teacher rating on a given 
assessment in knowledge of developmental levels and the student Math 7 SOL 
test scores on geometry and measurement questions. 
 There will be no correlation between the seventh grade teacher rating on a given 
assessment in knowledge of connections among “big math ideas” and the student 
Math 7 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the seventh grade teacher rating on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and the student Math 7 SOL test scores on geometry 
and measurement questions. 
Eighth grade. 
 There will be no correlation between the eighth grade teacher rating on a given 
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assessment in knowledge of subject specific difficulties and misconceptions and 
the student Math 8 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the eighth grade teacher rating on a given 
assessment in knowledge of useful representations of the content and the student 
Math 8 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the eighth grade teacher rating on a given 
assessment in knowledge of developmental levels and the student Math 8 SOL 
test scores on geometry and measurement questions. 
 There will be no correlation between the eight grade teacher rating on a given 
assessment in knowledge of connections among “big math ideas” and the student 
Math 8 SOL test scores on geometry and measurement questions. 
 There will be no correlation between the eighth grade teacher rating on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and the student Math 8 SOL test scores on geometry 
and measurement questions. 
Southern Middle School 
 There will be no correlation between SMS teacher ratings on a given assessment 
in knowledge of subject specific difficulties and misconceptions and SMS student 
Math SOL test scores on geometry and measurement questions. 
 There will be no correlation between SMS teacher ratings on a given assessment 
in knowledge of useful representations of the content and SMS student Math SOL 
test scores on geometry and measurement questions. 
 There will be no correlation between SMS teacher ratings on a given assessment 
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in knowledge of developmental levels and SMS student Math SOL test scores on 
geometry and measurement questions. 
 There will be no correlation between SMS teacher ratings on a given assessment 
in knowledge of connections among “big math ideas” and SMS student Math 
SOL test scores on geometry and measurement questions. 
 There will be no correlation between SMS teacher ratings on a given assessment 
in understanding of appropriateness of student’s proof, justifications, or 
mathematical discourse and SMS student Math SOL test scores on geometry and 
measurement questions. 
Northern Middle School 
 There will be no correlation between NMS teacher ratings on a given assessment 
in knowledge of subject specific difficulties and misconceptions and NMS student 
Math SOL test scores on geometry and measurement questions. 
 There will be no correlation between NMS teacher ratings on a given assessment 
in knowledge of useful representations of the content and NMS student Math SOL 
test scores on geometry and measurement questions. 
 There will be no correlation between NMS teacher ratings on a given assessment 
in knowledge of developmental levels and NMS student Math SOL test scores on 
geometry and measurement questions. 
 There will be no correlation between NMS teacher ratings on a given assessment 
in knowledge of connections among “big math ideas” and NMS student Math 
SOL test scores on geometry and measurement questions. 
 There will be no correlation between NMS teacher ratings on a given assessment 
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in understanding of appropriateness of student’s proof, justifications, or 
mathematical discourse and NMS student Math SOL test scores on geometry and 
measurement questions. 
All teachers 
 There will be no correlation between all teacher ratings on a given assessment in 
knowledge of subject specific difficulties and misconceptions and all student 
Math SOL test scores on geometry and measurement questions. 
 There will be no correlation between all teacher ratings on a given assessment in 
knowledge of useful representations of the content and all student Math SOL test 
scores on geometry and measurement questions. 
 There will be no correlation between all teacher ratings on a given assessment in 
knowledge of developmental levels and all student Math SOL test scores on 
geometry and measurement questions. 
 There will be no correlation between all teacher ratings on a given assessment in 
knowledge of connections among “big math ideas” and all student Math SOL test 
scores on geometry and measurement questions. 
 There will be no correlation between all teacher ratings on a given assessment in 
understanding of appropriateness of student’s proof, justifications, or 
mathematical discourse and all student Math SOL test scores on geometry and 
measurement questions. 
Objective of Study 
 The objective of this study was to find whether or not the amount of math 
pedagogical content knowledge in teachers makes a difference in student scores on SOL 
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tests.  
Professional Significance of the Study 
Implications. 
 A positive correlation between teacher pedagogical content knowledge and 
student achievement on SOL tests would provide evidence that being an effective teacher 
can produce good high-stakes testing results. Teachers cannot know everything, but they 
should strive to learn as much as they can in their area.  This study could provide for 
professional development opportunities and different approaches in math education 
courses in college. 
Applications. 
 The literature supports the need for teacher content and pedagogical knowledge.  
According to the Department of Education (2004), “Teachers (in middle and high school) 
must prove that they know the subject they teach with a major in the subject they teach 
[or] credits equivalent to a major in the subject” (p.1).  Pedagogical knowledge deals with 
knowledge about procedures and helping student misconceptions, knowledge which is 
vital in any subject (Carpenter, Fennema, Peterson, & Carey, 1988).  Pedagogy deals with 
actual teaching skill rather than content knowledge.  Both are vital for a successful 
classroom.  Geometric and measurement concepts learned throughout grades 6-8 are 
essential for developing higher-level concepts in geometry and for advanced mathematics 
classes that may be taken in high school. Data gathered through the current methods 
could support the need for a mathematics specialist in elementary and middle schools to 
assist teachers with teaching geometry and measurement topics as well as others.  
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Definitions of Terms 
Content Knowledge-The knowledge of a particular subject. 
Core Area-Any mathematics, science, social studies, or English course. 
High-Stakes Tests-Yearly assessments in core areas used to determine adequate 
yearly progress of schools on state standards. 
Highly Qualified-A teacher who has a bachelor's degree and full licensure. In 
Virginia, middle-school teachers must pass the Praxis II assessment in at least one of 
their concentration areas in order to obtain their licensure. 
Pedagogical Content Knowledge (PCK)-The combination of content knowledge 
and pedagogy that certain teachers possess in order to teach a certain subject. 
Pedagogy-The art of teaching or being able to teach. 
Prospective/Pre-Service Teachers-Students who are going to college to become 
teachers. 
Standards of Learning (SOLs)-The state standards for every subject in Virginia.  
Most are tested every year. 
Student Teacher-see prospective/pre-service teachers 
Organization of Study 
 The goal of Chapter 1 has been to show the need for a study explaining the 
relationship between teacher PCK and student scores.  Chapter Two places the study in 
the context of current literature by providing a look into content knowledge, pedagogy, 
PCK, math PCK, and assessing math PCK.  Chapter Three offers an overview of the 
methodology of the study.  It gives a description of the research design, setting, 
participants, instrumentation, procedures, and data analysis.  The results of the study are 
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provided in Chapter Four.  Chapter Five summarizes the results of the study and includes 
an interpretation of the findings, implications of the study, and recommendations for 
future research. 
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Chapter 2:  Literature Review 
 This study has investigated whether there is any connection between teacher 
pedagogical content knowledge (PCK) and student scores.  In regard to middle school 
math, teachers know how to grade papers for correct and incorrect answers.  In Virginia, 
all middle-school math teachers should have some content knowledge because a certain 
number of college-level math courses must be taken or the Praxis II for Middle School 
Math must be passed for math to be on their teaching license.  In addition to content 
knowledge, the teachers should have enough pedagogical knowledge to teach the math 
topics in front of the classroom.  The problems begin when students ask why an answer 
was marked wrong when they showed their work, and teacher explanations are not 
sufficient for student understanding.  If teacher PCK is not there, student misconceptions 
about the topic cannot be corrected properly. This researcher believes that PCK is vital to 
student achievement, which is why this study was conducted.  This review of literature 
will focus first on teacher content knowledge and pedagogical knowledge.  Then, the 
importance of mathematical knowledge for teaching (which pedagogical content 
knowledge is a subset) and how MKT and PCK have been assessed in the past will be 
discussed.  
Teacher Content Knowledge 
First and foremost, teacher content knowledge is very important.  One of the 
aspects of a highly-qualified teacher from the No Child Left Behind Act is to be 
knowledgeable in content of the subject taught.  The United States Department of 
Education (2004) states, “Teachers (in middle and high school) must prove that they 
 14  
know the subject they teach with a major in the subject they teach [or] credits equivalent 
to a major in the subject” (p. 4).  Ahtee and Johnston (2006) showed that a lack in subject 
knowledge can lead to teaching difficulties.  According to Hill, Rowan, and Ball (2005), 
many professional development activities are aimed at improving content knowledge 
because evidence has shown that teacher knowledge in the subject area can strongly 
influence student learning.   
Kane, Rockoff, and Staiger (2008) did a study on students and teachers in New 
York City.  They matched reading and math scores of first-year teachers to their students.  
The teachers were then classified as certified, uncertified, or alternatively certified 
through Teaching Fellows and Teach for America.  Teaching Fellows and Teach for 
America are different means of teacher certification besides undergraduate degree and 
Praxis tests.  The researchers were comparing the academic credentials of the first-year 
teachers. The researchers used a regression formula that calculated effectiveness, student 
achievement, and student background factors.  They found “little difference in the 
average academic achievement impacts of certified, uncertified and alternatively certified 
teachers” (Kane, Rockoff, & Staiger, 2008, p. 629).  The study showed that content 
knowledge or the lack thereof has little to do with student achievement. 
On the other hand, Hill and Ball (2009) found that degrees attained and courses 
taken have contributed to student achievement.  Oddly enough, degrees and courses help 
more at the secondary level than the elementary level after review of many studies 
according to Hill and Ball (2005). An example of this relationship could be the study 
Smith, Desimone, and Ueno (2005) conducted on the relationship between teacher 
credentials and preparedness to teach.  The study used the eighth grade sample of 
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teachers of the 2000 National Assessment of Educational Progress Mathematics 
Assessment.  The study measured classroom goals and strategies, credentials, 
preparedness to teach math, participation in professional development, and control 
variables.  Credentials included minors and majors in the teachers’ undergraduate and 
graduate work.  Teachers with the strongest mathematical background were those with 
graduate and undergraduate degrees in mathematics (respectively).  The next highest 
level included those with graduate or undergraduate minors in mathematics.  The lowest 
level included those teachers with no math major or minors. Using a three-level 
hierarchical linear model, the researchers found that “regular or temporary certification 
[in any subject] alone was not significantly related to preparedness to teach math 
although…certification to teach mathematics…was associated with increased levels of 
preparedness to teach mathematics topics” (Smith et al., 2005, p. 99).  More importantly, 
teachers without mathematics majors or minors reported lower levels of preparedness to 
teach mathematics than those with a math background.  The previous study by Smith et 
al. (2005) showed that teachers with math content knowledge fare better in the classroom 
than those without the content knowledge. 
A study conducted in Turkey by Ozden (2008) came to similar conclusions.  
Ozden (2008) studied twenty-eight Turkish science pre-service teachers.  The participants 
wrote a lesson plan for a two-hour lesson on a particular science topic for fifth-grade 
students.  The participants then took a content-knowledge test about the same topic on 
which they had written the lesson plan.  Finally, the student teachers were interviewed 
about writing the lesson plan.  Because of the good test scores and interviews, the results 
of the study “emphasized that content knowledge had positive influences on… effective 
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teaching” (Ozden, 2008, p. 639).    
Another study conducted at a United Kingdom university on seventy-nine primary 
student teachers about content knowledge yielded some different results.  Martin (2008) 
tested teacher content knowledge in geography through interviews, concept mapping, and 
observations.  The study found that although a degree in the subject area helped pre-
service teachers in the classroom, “teaching gained through their apprenticeship as pupils 
[was] very powerful” (Martin, 2008, p. 20).  This study showed that content knowledge 
from one's major is not the only thing needed to teach students.   
Cirino, Pollard-Durodola, Foorman, Carlson, and Francis (2007) studied teacher 
characteristics and the literacy and language of bilingual kindergarten students.  In 
schools around the United States attended by large numbers of Spanish-speaking 
students, 141 kindergarten teachers of 1,451 bilingual students were chosen.  Teachers 
were observed using certain measures, then asked to complete a questionnaire.  In 
addition, students were given five subtests of the Comprehensive Test of Phonological 
Processing assessment to assess written language and the Woodcock Language 
Proficiency Battery to assess oral language.  Many conclusions were made when data was 
calculated.  The conclusion that is important for the current study is that “teacher content 
knowledge was consistently not related to student outcomes” (Cirino et al., 2007, p. 341). 
 Ball, Hill, and Bass (2005) reported: 
Although many studies demonstrate that teachers’ mathematical knowledge helps 
support increased student achievement, the actual nature and extent of that 
knowledge—whether it is simply basic skills at the grades they teach, or complex 
and professionally specific mathematical knowledge—is largely unknown” 
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(p.16).   
Talbert-Johnson (2006) has made a another strong statement about content knowledge: 
“The [NCLB] mandate specifically identifies the content knowledge and skills of 
candidates; however, the report fails to mention such intangibles as care for students, 
efficacy, enthusiasm, and a caring, affirming disposition for all K-12 students” (p.152).  
By this statement, Talbert-Johnson meant that content knowledge is not the only measure 
for justifying that a teacher is highly-qualified.  Major and Palmer (2006) asserted, 
“Teachers learn through studying, by doing and reflecting, by collaborating with other 
teachers, by looking closely at students and their work, and by sharing what they see” 
(p.621).  This is where pedagogy comes into play. 
Pedagogical Knowledge 
According to Rodgers & Raider-Roth (2006), “Many a teacher is knowledgeable 
of his or her subject matter without necessarily being able to decompress it in a way that 
makes it accessible to their students” (p. 280).  Having pedagogical knowledge is the way 
to “decompress” the subject matter knowledge.  Shulman (1986) says the definition of 
pedagogical knowledge is any theory or belief about teaching and the process of learning 
that a teacher possesses that influences that teacher's teaching.  This process includes the 
ability to plan and prepare materials; time and classroom management skills; 
implementation, problem solving, and teaching strategies; questioning techniques; and 
assessment (Hudson, 2007).   
Risko, Roller, Cummins, Bean, Block, Anders, and Flood (2008) did a massive 
literature review and critique on studies about teacher pedagogical knowledge in relation 
to reading.  They coded the data and came to the conclusion that pedagogical knowledge 
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is essential for teaching and that it can be changed throughout university education 
coursework and fieldwork (e.g. student teaching) (Risko et al., 2008).   
Pedagogical knowledge can be gathered from places other than the university 
classroom and fieldwork through the university.  Hudson’s (2007) study in Australia 
examined the mentor relationships of final year pre-service math and science primary 
teachers from nine different universities.  Hudson's (2007) study showed that cooperating 
classroom teachers/mentors in the student teaching experiences greatly influenced 
pedagogical knowledge (Hudson, 2007).  The study showed that pedagogical knowledge 
is greatly influenced by coursework, fieldwork, and mentors throughout undergraduate 
study.   
Experience is another way to gather pedagogical knowledge.  A qualitative study 
was done by Gatbonton (2008) to compare the pedagogical knowledge of novice 
(teachers with less than two years experience) teachers and experienced teachers’ 
pedagogical knowledge.  Four novice teachers were chosen to teach eight English as a 
Second Language (ESL) lessons to adult learners. The recollections of each teacher was 
about each of the lessons were recorded and transcribed.  The recollections were then 
compared to experienced ESL teachers’ recollections from a previous study that was 
performed a similar way by the same researcher.  Gatbonton (2008) found that the 
pedagogical knowledge was similar between the two groups, but the experienced 
teachers’ group seemed to have more detailed pedagogical knowledge, especially in 
regard to student attitudes and behaviors.  This study shows that college courses and 
fieldwork are helpful in developing a teacher’s pedagogical knowledge, but several years’ 
experience will help build upon that knowledge to make it more specialized and useful. 
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Zohar and Schwartzer (2005) conducted two studies on pedagogical knowledge in 
the context of higher order thinking.  In the first study, one hundred and fifty science 
teachers in Israel were chosen that worked either at the middle-school or high-school 
level.  The high-school teachers taught biology, physics, or chemistry.  An instrument 
was developed that consisted of background information of the teacher and Likert-scale 
type questions about teachers’ attitudes about student thinking, teachers’ beliefs about 
correcting wrong answers, teachers’ attitudes regarding higher-order thinking, and 
teachers’ attitude regarding the role of cognitive conflict (Zohar & Schwartzer, 2005).  A 
final score was calculated for each teacher, as well as an analysis of variance, a 
correlation between scores and teaching experience, and other calculations.  The results 
showed the middle-school teachers had significantly higher scores than the high school 
teachers.  The scores of biology teachers were greater than those of physics or chemistry 
teachers.  Surprisingly, the study found that more years of experience equaled lower 
scores on the questionnaire, therefore indicting a lower pedagogical knowledge in regard 
to higher-order thinking (Zohar & Schwartzer, 2005). 
The second study by Zohar and Schwartzer (2005) made use of classroom 
observations.   The participants were fourteen science teachers who attended a year-long 
professional development course.  The course was for middle- and high-school teachers 
who wanted to “learn how to incorporate more thinking activities into science 
instruction” (Zohar & Schwartzer, 2005, p. 1607).  The teachers were observed early in 
the course and late in the course.  The findings from the two observations showed “that 
the classroom observations instrument had a reasonable inter-rater reliability and was 
quite sensitive for the purpose of detecting changes in teachers’ pedagogical knowledge 
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following a professional development course” (Zohar & Schwartzer, 2005, p. 1617). 
In 2007, Swars, Hart, S. Smith, M. Smith, and Tolar studied 103 prospective 
elementary teachers in a teacher preparation program at an urban university.  The 
participants entered the program over several semesters and stayed in the program for 
two years.  In the teacher preparation program, the teachers took methods courses, had 
field placements, and had a final semester of student teaching.  Each pre-service teacher 
took two mathematics methods courses in consecutive semesters.  Two assessments about 
mathematical beliefs were administered four times each during the program.  A third 
assessment, not related to this section of the literature review, was also given.  Analysis 
of the mathematical belief assessments showed increases in pedagogical knowledge and 
mathematical beliefs throughout the program, especially after the math methods courses 
(Swars et al., 2007). 
Pedagogical knowledge is the knowledge of how to teach.  Education courses 
offered in undergraduate, graduate, and re-certification courses are meant to help develop 
teacher knowledge about teaching just as content classes develop content knowledge.  
The studies in the previous sections have shown that content knowledge and pedagogical 
knowledge are helpful in teaching.  But what about actually teaching a certain subject?  
Are content knowledge and pedagogical knowledge enough to dispel student 
misconceptions and answer students' questions, especially in math? 
Mathematical Knowledge for Teaching 
 Before examining mathematical pedagogical content knowledge, mathematical 
knowledge for teaching should be analyzed.  Mathematical knowledge for teaching 
(MKT) is considered to be “the mathematical knowledge needed to perform the recurrent 
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tasks of teaching mathematics to students” (Ball, Thames, & Phelps, 2008, p. 399).  This 
knowledge is different from the math knowledge needed in other mathematical 
professions.  MKT is the combination of content knowledge and pedagogical content 
knowledge.  The four domains of MKT will be discussed later in this section.  Studies 
about MKT are examined first. 
 Hill and Ball (2004) describe a study intended to assess MKT in mathematics 
teachers.  A professional development program in California that aimed to improve 
teachers’ content knowledge in mathematics was chosen for this study because it gave 
“substantial opportunities for teachers to learn mathematics” (Hill & Ball, 2004, p. 334).  
The program required pre- and post-tests to see how the professional development helped 
the teachers.  The elementary program was the focus of the study.  Out of the 2,300 
teachers, data was collected only on about 398 of them because it was on a voluntary 
basis and the program could not requires the teachers to complete the assessments for the 
study.  After equating different forms of the pre- and post-tests and using various 
statistical measures, Hill, Schilling, and Ball (2004) concluded “that teachers' knowledge 
of mathematics for teaching is at least partly domain specific rather than simply related to 
a general factor such as overall intelligence, mathematical ability, or teaching ability” 
(Hill, Schilling, & Ball, 2004, p.26).   
 In another study, Hill, Rowan, and Ball (2005) studied two cohorts of elementary-
aged students and their teachers.  The first cohort involved a group of students from 
kindergarten through second grade.  The second cohort involved a group of students from 
third grade until fifth grade.  Information about students was gathered from parent 
interviews and student assessments.   Information about the teachers was gathered from 
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teacher logs and questionnaires.  The students completed the Terra Nova Complete 
Battery of tests.  The results showed that mathematical knowledge for teaching of the 
teachers was a great predictor in student gains in achievement on the Terra Nova 
assessments (Hill, Rowan, & Ball, 2005).   
 Hill (2007) represented middle school teachers from across the United States in 
her study on MKT.  Using selected schools, Hill (2007) found teachers’ whose statistics 
matched national averages.  Teachers were given an MKT assessment.  The assessment 
was then compared to the teachers’ credentials.  The study found that the middle school 
teachers fell into one of two populations:  “those with strong preparation in subject matter 
and experience teaching high school mathematics and those with weaker subject matter 
preparation and no high school experience” (Hill, 2007, p.110).  The study showed that 
teachers with high school experience had a higher MKT than those who did not (Hill, 
2007). 
Koellner, Jacobs, Borko, Scheider, Pittman, Eiteljorg, Bunning, and Frykholm 
(2007) set out to improve the problem solving skills of students.  In order to do this, the 
researchers knew they needed to start with the teachers.  The STAAR project was a 
professional development program used over the course of several years for middle 
school math teachers.  In the STAAR project, the Problem-Solving Cycle was taught to 
teachers three times over two years.  The project aimed at developing teachers’ algebraic 
reasoning which would in turn develop their students’ algebraic reasoning.  The 
workshops helped to develop common content knowledge, specialized content 
knowledge, knowledge of content and teaching, and knowledge of content and students.  
The researchers concluded that “when teachers effectively engage and draw from 
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multiple knowledge domains in the planning, implementation, and reflection stages of 
their classroom teaching, they are likely to make more-informed instructional decisions 
and produce more-capable students” (Koellner et al., 2007). 
A qualitative videotape study was performed by Hill, Blunk, Charalambous, 
Lewis, Phelps, Sleep, & Ball (2008) to find the relationship between teachers' MKT and 
mathematical quality of instruction (MQI).  Each lesson videotaped was divided into five 
minute increments and then coded according to a MQI table.  After everything was 
coded, each lesson was given a score of low, medium, or high.  The videotape scores 
were then averaged for each teacher.  At some point the teachers had also taken a MKT 
assessment that was used with the teacher rating of lessons to find the relationship 
between the two.  A strong correlation was found between MKT and MQI (Hill et al., 
2008).  According to Hill et al. (2008), “The inescapable conclusion of this study is that 
there is a powerful relationship between what a teacher knows, how she knows it, and 
what she can do in the context of instruction” (p. 496).  
A few years ago, Australian officials realized that there was a problem recruiting 
and retaining mathematics educators (Vale, 2010).  They released a statement concerning 
increased support for mathematics teachers, especially those that are “out of field” 
mathematics teachers.  “Out of field” means a person switching careers to be a 
mathematics teacher or a person without a math degree.  In response to this statement, a 
certain university started two programs to help increase the knowledge and help support 
these “out of field” middle-school mathematics teachers.  The programs consisted of 
seminars focused on mathematics content and pedagogical content knowledge.  A 
qualitative study was performed to evaluate the programs.  Questionnaires were given at 
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the beginning and end of the program, field notes were taken at each seminar, teacher 
portfolios were made, and interviews were used to gather data.  After data analysis, Vale 
(2010) concluded that the programs were successful because they could “contribute the 
enhancement of the teachers’…mathematical knowledge for teaching (MKT)” (p. 23). 
This study shows that MKT can be increased in those that did not originally intend to be 
mathematics teachers.  
Below is a diagram of the different domains of mathematical knowledge for 
teaching.  It shows how the different domains are divided into subject matter knowledge 
and pedagogical content knowledge. 
 
Figure 1 
Domains of MKT 
 (Ball et al., 2008, p.403) 
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Even though this diagram has six sections, only four of the six-common content 
knowledge, specialized content knowledge, knowledge of content and students, 
knowledge of content and teaching- are considered to be domains.  The following 
sections will describe the four domains of the MKT diagram.   
Domains of subject matter knowledge.  
The subject matter knowledge half of the circle deals with different types of 
content knowledge.  It is vital that mathematics teaches must possess common content 
knowledge and specialized content knowledge in order to teacher mathematics effectively 
(Hill & Ball, 2004).  
 The first domain, common content knowledge (CCK), is the knowledge of math 
content.  CCK is used in professions other than teaching.  CCK only requires “the 
understanding held by most adults” (Ball, Hill, & Bass, 2005, p.22).  It is the same 
content knowledge discussed in a previous section of this literature review. Hill and Ball 
(2004) give some examples of CCK: “being able to compute 35 x 25 accurately, 
identifying what power of 10 is equal to 1, solving word problems satisfactorily, and so 
forth” (p. 333).  Knowing math content in order to teach a math class is very important as 
previously discussed, but content knowledge is not the only thing needed to teach 
mathematics.   
 On the other hand, specialized content knowledge (SCK) is the mathematical 
knowledge that teachers know that other people would not necessarily know about math.  
Ball, Thames, and Phelps (2008) describe SCK as the knowledge needed for teaching that 
is not used for any other profession.  Hill, Schilling, and Ball (2004) reported that SCK 
“is used in the course of different sorts of tasks—choosing representations, explaining, 
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interpreting student responses, assessing student understanding, analyzing student 
difficulties, evaluating the correctness and adequacy of curriculum materials” (p. 16). 
Swars et al. (2007) did a study focused on specialized content knowledge as part 
of a study on pedagogical knowledge. The participants were 103 prospective elementary 
teachers in a teacher preparation program at an urban university.  These participants 
entered the program over several semesters and stayed in the program for two years.  In 
the teacher preparation program, the teachers took methods courses, had field placements, 
and had a final semester of student teaching.  Two assessments about mathematical 
beliefs were given to participants before a third assessment about specialized content 
knowledge was given at the end of the student-teaching semester.  Analysis of the third 
assessment showed that “pre-service teachers that had more specialized content 
knowledge for teaching mathematics were more likely to believe that children can 
construct their own mathematical knowledge and that mathematics skills should be taught 
with understanding” (Swars et al., 2007, p. 332). 
Ball, Hill, & Bass (2005) did a study on common and specialized content 
knowledge.  A multiple-choice test was created that included common and specialized 
content knowledge questions, and seven hundred first- and third-grade teachers took the 
test.  The test itself took years to develop.  The researchers also took the math portions of 
the Terra-Nova test taken by the students of the teachers in the study and calculated how 
many points they gained over the course of the school year.  They “found that teachers' 
performance on [the] knowledge for teaching questions...significantly predicted the size 
of student gain scores” (Ball et al., 2005, p. 44).  The results of this study showed that 
MKT does positively predict student gains in achievement (Ball et al., 2005). 
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Domains of pedagogical content knowledge. 
 The other half of the Figure 1 shows the domains of pedagogical content 
knowledge.    PCK is knowledge about teaching a specific subject that entails content and 
pedagogical knowledge together.  Shulman (1986) was the first to introduce the term 
pedagogical content knowledge.  He described PCK as the understanding of how topics 
and strategies in specific subject areas are understood and misunderstood (Shulman, 
1986).  PCK involves much more than just content and pedagogical knowledge.  
Carpenter, Fennema, Peterson, and Carey (1988) described PCK as follows:  
Pedagogical content knowledge includes knowledge of the conceptual and 
procedural knowledge that students bring to the learning of a topic, the 
misconceptions about the topic that they may have developed, and the stages of 
understanding that they are likely to pass through in moving from a state of 
having little understanding of the topic to mastery of it. It also includes 
knowledge of techniques for assessing students' understanding and diagnosing 
their misconceptions, knowledge of instructional strategies that can be used to 
enable students to connect what they are learning to the knowledge they already 
possess, and knowledge of instructional strategies to eliminate the misconceptions 
they may have developed. (p. 386)   
PCK involves the knowledge of content and students, as well as the knowledge of content 
and teaching. The two domains of PCK shown in Figure 1 are described below. 
The third domain of mathematical knowledge for teaching is knowledge of 
content and students (KCS), which is shown in the PCK half of Figure 1.  This domain 
combines knowing how students think and knowing about mathematics content (Ball, 
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Thames, & Phelps, 2008).  Hill, Ball, and Schilling (2004) say this category would 
include predicting errors and questions.   Ball et al. (2008) give some more examples of 
this domain:  choosing motivating and interesting examples for students, anticipating 
what students will think about a given task and how they will handle it, and predicting 
what students are thinking and what they think is confusing about a certain topic. 
Hill, Ball, and Schilling (2008) did a study about KCS specifically.  They wrote 
questions that fell into one of four categories:  common study errors, students’ 
understanding of content, students' developmental sequences, and common student 
computations strategies.  The researchers gave several versions of the test to teachers and 
interviewed the teachers.  The study showed that KCS was definitely a part of MKT. 
According to Hill et al. (2008), “Although it remains to be seen whether and how such 
knowledge…is related to improving student learning in mathematics, our results bolster 
claims that teachers have skills, insights, and wisdom beyond that of other 
mathematically well-educated adults” (p.395). 
 Knowledge of content and teaching (KCT) is the fourth domain of mathematical 
knowledge for teaching.  Ball et al. (2008) have noted that this domain combines 
knowledge of teaching and mathematics.  They further explain that the order in which 
content is taught and deciding if representations of content is useful are all parts of this 
domain (Ball et al., 2008).  Hill, Ball, and Schilling (2008) point out that KCT includes 
knowledge of curriculum materials.  Bass (2005) emphasized that this category deals 
more with actually knowing how to teach (pedagogy) than the other categories do.   
 Even though KCT and KCS are very important to talk about separately, most 
studies have been done on math PCK as a whole.  Math PCK is the major focus of this 
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study.  The following sections are about studies done to assess and increase PCK in math 
and other subjects. 
Pedagogical Content Knowledge 
Teachers must possess pedagogical content knowledge of their content area in 
order to facilitate students’ learning (Ball, 2000).  PCK can be influenced positively and 
negatively by teachers’ own K-12 and college experiences and attitudes towards the 
subject, especially those who teach primary grades and do not necessarily have a degree 
in a core area.   The following study done by Ahtee and Johnson (2006) is an example of 
the attitudes influencing PCK.  A questionnaire was given to eighty-nine Finnish and 
ninety-eight English pre-service elementary teachers in 2006 after they participated in a 
teaching demonstration about a physics topic (Ahtee & Johnson, 2006).   The participants 
were not physics majors.  After the demonstration, the prospective teachers were given a 
questionnaire about the topic.  The questionnaire showed that poor attitudes held about 
physics these persons about physics affected their PCK negatively because they did not 
understand the topic which means they could not accurately guess student responses and 
difficulties (Ahtee & Johnston, 2006).   
Halim and Meerah (2002) conducted a similar study in Malaysia involved 
secondary science prospective teachers.  Knowledge of student understanding and 
knowledge of strategies for teaching topics (two levels of PCK) were examined.   Twelve 
secondary science pre-service teachers were interviewed about various physics topics.  
Only some of the pre-service teachers were planning to be physics teachers.  The study 
showed that the level of PCK was greatly affected by the student teachers’ preparedness 
in the subject (Halim & Meerah, 2002).  Therefore, poor content knowledge can equal 
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poor PCK.  
In contrast, a deep understanding of content in a subject area can greatly influence 
one’s PCK as the following study suggested.  Ozden (2008) conducted a study in Turkey.  
The participants were twenty-eight science pre-service teachers (Ozden, 2008).  The 
participants wrote a lesson plan for a two-hour lesson on a particular science topic for 
fifth-grade students.  The participants then took a content-knowledge test about the topic 
on which they wrote the lesson plan.  Finally, the student teachers were interviewed about 
writing the lesson plan.  The results of the study “emphasized that content knowledge had 
positive influences on pedagogical content knowledge and effective teaching” (Ozden, 
2008, p. 639).   The study called for more PCK to be emphasized and discussed in teacher 
education programs (Ozden, 2008). 
Fortunately, poor preparedness in the content area can be corrected. Jones and 
Moreland (2004) performed a study done in New Zealand set out to examine and expand 
upon PCK in technology education Teaching technology in the classroom is a newer 
mandate in New Zealand, and many teachers were not sure what to do with it in the 
classroom because they were not technology majors.  To empower them in the area of 
technology, the teachers were to reflect upon case studies in their own and others’ 
classrooms, use a planning framework, negotiate interventions, participate in workshops, 
provide classroom support, participate in teacher meetings, use student portfolios, and use 
summative profiling (Jones & Moreland, 2004).  By participating in this study, teachers 
felt better about the content they were teaching and felt that student learning was 
enhanced (Jones & Moreland, 2004).  This study showed that the quality of PCK can be 
improved:  it can be developed through experience, coursework, and professional 
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development.     
The following qualitative study is another example of a study that shows that 
PCK can be altered.  Major and Palmer (2006) conducted a study that involved thirty-one 
faculty members of a private university in the United Kingdom.   The study wanted to 
discover whether teacher PCK would change if the teachers were challenged with a 
different teaching approach.  The study included faculty from assistant professor to full 
professor.  They were given in-depth interviews about PCK and the new teaching 
initiative.  The study found that PCK could be transformed depending on the expertise of 
the faculty member.  It also showed that PCK involved knowledge of students, content, 
teaching, strategies, and purposes (Major & Palmer, 2006).    
The previous studies show that PCK is vital for teacher success.  The studies also 
show that PCK can be built through courses, fieldwork, experience, and professional 
development.  The current study focused on mathematical PCK specifically and its 
benefits for students.  The following sections are about mathematical PCK. 
Mathematical Pedagogical Content Knowledge 
Ball (2000) explains that PCK in mathematics “highlights the interplay between 
mathematics and pedagogy in teaching” (p. 245).  Hill, Rowan, and Ball (2005) give 
some insight into pedagogical content knowledge: 
Teachers of mathematics not only need to calculate correctly but also need to 
know how to use pictures or diagrams to represent mathematics concepts and 
procedures to students, provide students with explanations for common rules and 
mathematical procedures, and analyze students’ solutions and explanations. (p. 
372)   
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In order to make sure teachers have mathematical PCK, “a common approach is 
to require teachers to major in [math] and then add knowledge of how children learn and 
classroom experience.  But [sic] some argue that the content knowledge that teachers 
need is different from that needed by mathematicians or physicists” (Hill & Ball, 2009, 
p.68).  In her 1988a dissertation study, Ball explains that there are three ways to teach 
math.  The first way is ordinary teaching where students memorize facts and algorithms 
and are expected to recall what they have memorized at the appropriate times (Ball, 
1988a).  It is more of a practice and drill method and would really only involve the use of 
teacher content knowledge.  The second way to teach math is the conceptual way.  While 
this still involves lots of practice, this is a more “hands-on” approach to mathematics with 
manipulatives and better explanations (Ball, 1988a).  The third way is mathematics 
pedagogy, in which students are actively involved in the learning process and the teacher 
facilitates the learning by helping students decide which routes to take in problem solving 
(Ball, 1988a).  Ball (1988a) states, “The goal of mathematical pedagogy is to help 
students develop mathematical power and to become active participants in mathematics 
as a system of human thought,” (p. 3).  These last two teaching methods involve 
mathematical PCK on the teacher’s part in order to better explain and help guide student 
learning.  Mathematical PCK stresses knowing the “depth and detail” of algorithms 
instead of knowing only how to use them to solve a problem (Ball, Hill, & Bass, 2005, p. 
22).   
Ball (1988b) examined three case studies of fourth grade teachers.  The teachers 
were teaching multiplication to their students.  Because of their experience and 
understanding of mathematics, the teachers taught multiplication in completely different 
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ways.  One teacher focused on memorizing the rules.  Another teacher showed students 
shortcuts to remember the rules verses the straight-out memorization of the first teacher.  
The third teacher believed in a more student-involved approach.  She had class activities 
that kept the students engaged and involved in learning how to multiply.  Ball (1988b) 
believes that teaching multiplication the third way is the most beneficial to students.  She 
concludes that teachers cannot teach as the third teacher unless they understand math like 
the third teacher does.  Even though Ball (1988b) never used the term pedagogical 
content knowledge, she implied that the third teacher possesses it in order to teach math 
the way she does. 
Carpenter, Fennema, Peterson, and Carey (1988) did a study about math PCK.  
The study involved forty first-grade math teachers in twenty-seven schools in Wisconsin.   
The teachers participated in a mathematics in-service program and classroom study.  One 
research question in the study wanted to learn if certain measures of math pedagogical 
content knowledge (distinguishing between problem types, knowledge of problem-
solving strategies, and knowledge of students) correlated to student achievement on the 
addition and subtraction problems in question.  It was found that the teachers’ knowledge 
of the topic, strategies for teaching, or knowledge of problem difficulty did not correlate 
to student achievement, but teacher knowledge of students did correlate.  Carpenter et al. 
(1988) make a point to state that the sample used seemed to have a lower PCK than 
expected, so a sample with different PCK levels could have produced different results.  
A study done by Derry, Wilsman, and Hackbarth (2007) suggested that 
mathematical PCK could be increased.  Twenty teachers participated in a summer 
workshop.  Observations, journals, interviews, video tapes, and field-notes were used in 
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data collections.  In the same study, twelve teachers took a graduate-level course about 
connecting to mathematics.  The workshop and course involved conflicting case studies.  
Two assessments were given to all participants:  one about content and PCK and another 
about analyzing student work.  The results showed that the workshop and course helped 
increase teacher PCK by causing them to reflect on why students got answers correct or 
incorrect instead of just grading for right or wrong answers (Derry, Wilsman, & 
Hackbarth, 2007). 
A few years ago, Australian officials realized that there was a problem recruiting 
and retaining mathematics educators (Vale, 2010).  They released a statement concerning 
increased support for mathematics teachers, especially those that are “out of field” 
mathematics teachers.  “Out of field” means a person switching careers to be a 
mathematics teacher or a person without a math degree.  In response to this statement, a 
certain university started two programs to help increase the knowledge and help support 
these “out of field” middle-school mathematics teachers.  The programs consisted of 
seminars focused on mathematics content and pedagogical content knowledge.  A 
qualitative study was performed to evaluate the programs.  Questionnaires were given at 
the beginning and end of the program, field notes were taken at each seminar, teacher 
portfolios were made, and interviews were used to gather data.  After data analysis, Vale 
(2010) concluded that the programs were successful because they could “contribute the 
enhancement of the teachers’ pedagogical content knowledge (PCK)” (p. 23).  It was also 
found that PCK could be increased through support from colleagues and mentors. 
Mathematical pedagogical content knowledge is an important part of 
mathematical knowledge for teaching.  Content knowledge also plays a very important 
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role in the teaching of mathematics.  Ideal teachers would possess not only the 
knowledge of mathematics (content knowledge) but also knowledge of how to teach 
mathematics, use the given curriculum, and predict questions and misconceptions (PCK).  
Studies about math and other disciplines have been mentioned in the previous sections.  
None of the studies about MKT and PCK above examined anything about geometry 
specifically.  Geometry is an important subset of the National Council of Teachers of 
Mathematics standards for K-12 education and Virginia Math Standards of Learning.  
The following section is about geometry and measurement PCK and assessing it. 
Geometry and Measurement Pedagogical Content Knowledge 
The National Council of Teachers of Mathematics (NCTM) has produced several 
standards in the area of geometry and measurement.  These standards are about precisely 
describing, classifying, and understanding relationships among types of two- and three-
dimensional objects using their defining properties; understanding relationships among 
the angles, side lengths, perimeters, areas, and volumes of similar objects; creating and 
critiquing inductive and deductive arguments concerning geometric ideas and 
relationships, such as congruence, similarity, and the Pythagorean relationship; 
understanding both metric and customary systems of measurement; understanding 
relationships among units and converting from one unit to another within the same 
system; understanding, selecting, and using units of appropriate size and type to measure 
angles, perimeter, area, surface area, and volume (NCTM, 2000).   
Using the NCTM standards as guide, the Virginia Department of Education 
(2001) developed the following Standards of Learning for middle school geometry and 
measurement: 
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6.9 The student will compare and convert units of measure for length, area, 
weight/mass, and volume within the U.S. Customary system and the metric 
system and estimate conversions between units in each system: 
a) length — part of an inch (1/2, 1/4, and 1/8), inches, feet, yards, miles, 
millimeters, centimeters, meters, and kilometers; 
b) weight/mass — ounces, pounds, tons, grams, and kilograms; 
c) liquid volume — cups, pints, quarts, gallons, milliliters, and liters; and 
d) area — square units.  
6.10 The student will estimate and then determine length, weight/mass, area, and 
liquid volume/capacity, using standard and nonstandard units of measure. 
6.11 The student will determine if a problem situation involving polygons of four 
or fewer sides represents the application of perimeter or area and apply the 
appropriate formula. 
6.12 The student will 
a) solve problems involving the circumference and/or area of a circle when 
given the diameter or radius; and 
b) derive approximations for pi () from measurements for circumference 
and diameter, using concrete materials or computer models. 
6.13        The student will 
a) estimate angle measures, using 45°, 90°, and 180° as referents, and use the      
appropriate tools to measure the given angles; and 
b) measure and draw right, acute, and obtuse angles and triangles. 
6.14 The student will identify, classify, and describe the characteristics of plane 
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figures, describing their similarities, differences, and defining properties. 
6.15 The student will determine congruence of segments, angles, and polygons by 
direct comparison, given their attributes. Examples of noncongruent and 
congruent figures will be included. 
6.16 The student will construct the perpendicular bisector of a line segment and an 
angle bisector. 
6.17 The student will sketch, construct models of, and classify solid figures 
(rectangular prism, cone, cylinder, and pyramid). 
7.7 The student, given appropriate dimensions, will 
a) estimate and find the area of polygons by subdividing them into rectangles 
and right triangles; and 
b) apply perimeter and area formulas in practical situations. 
7.8 The student will investigate and solve problems involving the volume and 
surface area of rectangular prisms and cylinders, using concrete materials and 
practical situations to develop formulas. 
7.9 The student will compare and contrast the following quadrilaterals: 
parallelogram, rectangle, square, rhombus, and trapezoid. Deductive reasoning 
and inference will be used to classify quadrilaterals. 
7.10 The student will identify and draw the following polygons: pentagon, 
hexagon, heptagon, octagon, nonagon, and decagon. 
7.11 The student will determine if geometric figures — quadrilaterals and triangles 
— are similar and write proportions to express the relationships between 
corresponding parts of similar figures. 
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7.12 The student will identify and graph ordered pairs in the four quadrants of a 
coordinate plane. 
7.13 The student, given a polygon in the coordinate plane, will represent 
transformations — rotation and translation — by graphing the coordinates of 
the vertices of the transformed polygon and sketching the resulting figure. 
8.6 The student will verify by measuring and describe the relationships among 
vertical angles, supplementary angles, and complementary angles and will 
measure and draw angles of less than 360°. 
8.7 The student will investigate and solve practical problems involving volume 
and surface area of rectangular solids (prisms), cylinders, cones, and 
pyramids. 
8.8       The student will apply transformations (rotate or turn, reflect or flip, translate       
                  or slide, and dilate or scale) to geometric figures represented on graph paper.    
                  The student will identify applications of transformations, such as tiling, fabric  
      design, art, and scaling. 
8.9       The student will construct a three-dimensional model, given the top, side,    
                  and/or bottom views. 
8.10       The student will  
a) verify the Pythagorean Theorem, using diagrams, concrete materials, and  
measurement; and  
b) apply the Pythagorean Theorem to find the missing length of a side of a 
right triangle when given the lengths of the other two sides. 
Geometry and measurement are very important parts of the Virginia Standards of 
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Learning for middle school mathematics as can be seen from the twenty-one standards 
above.  
Teacher knowledge has been assessed in many ways.  Moyer-Packenham, 
Bolyard, Kitsantas,  and Oh (2008) found that many studies use undergraduate and 
graduate degrees to measure content (e.g. math major) and pedagogical knowledge (e.g. 
education major), although “a college major does not illuminate specific knowledge 
gained through such training or account for variation in programs among colleges and 
universities” (p. 567).  After review of many studies, Moyer-Packenham et al. (2008) 
found that some use licensure to assume content and pedagogical knowledge, but that all 
states use different criteria to license their teachers.  Moyer-Packenham et al. (2008) also 
found that different studies use “surveys, questionnaires, behavioral observations, exams, 
interviews, portfolios, and archival records” (Moyer-Packenham et al., 2008, p. 567).  
Many states use the Praxis I and Praxis II content knowledge tests to assess teachers’ 
skills.  There are some Praxis II tests that assess pedagogy in a certain content areas, but 
few states actually require the pedagogy test.  While standardized exams (e.g. Praxis II) 
are probably the easiest instruments to use, “measuring quality teachers through 
performance on tests of basic verbal or mathematics ability may overlook key elements in 
what produces quality teaching,” (Hill, Rowan, & Ball, 2005, p. 375).   
Ball (1988b) has said that even though most could argue that teachers need 
content knowledge in mathematics, efforts to show teacher knowledge of math and how it 
relates to teaching of math have been unsuccessful.  Since Ball’s (1988a) dissertation 
study, different types of math PCK assessments have been created and used as mentioned 
in the previous section.  Unfortunately, most of those assessments relate to PCK in 
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algebra and functions.  Geometry and measurement are very important strands in the 
Virginia Standards of Learning and the National Council of Teachers of Mathematics 
standards, and little has been done to assess PCK of geometry and measurement.   
 Van Hiele (1959) developed five levels of geometrical reasoning:  recognition, 
analysis, order, deduction, and rigor. Recognition involves recognizing shapes, analysis 
involves identifying properties of shapes, order involves recognizing relationships about 
properties of shapes, deduction involves going beyond identifying characteristics and into 
constructing proofs, and rigor involves working in different geometric systems (Usiskin, 
1982; Burger & Shaughnessy, 1986; Manizade, 2006). From these measures, Usiskin 
(1982) and his team developed a Van Heile test to assess the level of students.  Van Hiele 
levels of students have also been assessed through interview procedures (Burger & 
Shaughnessy, 1986; Gutierrez, Jaime, & Fortuny, 1991).   
Versions of the Van Hiele test have been used in the past to assess geometry 
content in teachers (Usiskin & Senk, 1990; Wilson, 1990).  Any Van Hiele test would 
assess only content knowledge of geometric skills.  There is nothing on a Van Hiele test 
about PCK of geometry teachers (Manizade, 2006).   
Manizade (2006) developed a PCK geometry and measurement assessment for 
teachers to take as a pre/post test for professional development for her dissertation.  Her 
PCK assessment focuses on decomposing and recomposing one-dimensional and two-
dimensional figures.  Decomposing and recomposing one-dimensional and two-
dimensional figures are Virginia SOLs 6.10, 6.11, 6.14, 7.7, 8.8, and 8.10 (Refer to list 
starting on page 25 for standards).  Manizade (2006) claims, “Using this new PCK 
assessment tool to assess the knowledge of middle-school level mathematics teachers will 
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allow further investigation of teacher knowledge in mathematics education in relation to 
student cognition and student outcomes” (p. 170).   
Manizade’s (2006) assessment focuses on five significant components of PCK.  
The components are as follows: 1) Knowledge of subject specific difficulties and 
misconceptions, 2) Knowledge of useful representations of the content, 3) Knowledge of 
developmental levels, 4) Knowledge of connections among “big math ideas,” and 5) 
Understanding of appropriateness of student’s proof, justifications, or mathematical 
discourse (Manizade, 2006).  The previous PCK components relate directly to the 
geometry and measurement areas of perimeter, area, part-whole relationships, area model 
of fractions, units of measurement, geometric objects and relationships among them and 
their properties, decomposing and recomposing in 1-D and 2-D, and congruency and 
equivalence in 1-D and 2-D (Manizade, 2006).   
Summary 
 The purpose of this chapter was to situate the current study within current 
literature.  Content knowledge and pedagogical knowledge are vital for mathematics 
teachers to possess.  Pedagogical content knowledge (PCK) is something that can 
broaden teachers' perspectives on mathematics and help them to be better teachers.  
Mathematical PCK involves being able to understand how to use, interpret, and teach 
algorithms instead of just knowing how to use algorithms to get answers.  PCK is an 
important aspect of mathematical knowledge for teaching.  Teacher mathematical 
knowledge for teaching has been tested through similar assessments throughout the past 
decade.  Some of those studies actually compared MKT to student achievement and 
showed positive results.  Several studies mentioned have assessed PCK specifically in 
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teachers.  Little has been done in regard to addressing just mathematical PCK in regard to 
student achievement.  Assessing geometry and measurement PCK is something that is 
almost unheard of.  This researcher believes that geometry and measurement PCK must 
be assessed and compared to student achievement because geometry and measurement 
are important strands in the National Council of Teachers of Mathematics standards and 
Virginia Standards of Learning. 
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Chapter 3: Methodology 
Introduction 
This study focused on whether there is a relationship between geometry and 
measurement pedagogical content knowledge (PCK) in middle school mathematics 
teachers and student achievement on SOL test scores on the geometry and measurement 
sections.  It answered the following research question:  In what ways, if any, does a 
middle school teacher's pedagogical knowledge of composing and decomposing one and 
two-dimensional figures influence student scores in high-stakes testing situations? 
Research Design 
 This was a correlational study.  The study analyzed the relationship between 
teachers’ geometry and measurement pedagogical content knowledge (PCK) as gathered 
by a research tool and students' achievement on the geometry and measurement portions 
of the end-of-course SOL assessment.  Data collected from teachers was rated on a scale 
of 1-3 through use of the scale in Appendix C.   Using Manizade’s (2006) table of 
specifications (see Appendix D), teacher assessment questions were divided among PCK 
levels. The following levels were used: 1) Knowledge of subject specific difficulties and 
misconceptions, 2) Knowledge of useful representations of the content, 3) Knowledge of 
developmental levels, 4) Knowledge of connections among “big math ideas,” and 5) 
Understanding of appropriateness of student’s proof, justifications, or mathematical 
discourse (Manizade, 2006).  The previous PCK components directly relate to the 
geometry and measurement areas of perimeter, area, part-whole relationships, area model 
of fractions, units of measurement, geometric objects and relationships among them and 
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their properties, decomposing and recomposing in 1-D and 2-D, and congruency and 
equivalence in 1-D and 2-D (Manizade, 2006).  With the help of Dr. Manizade, the 
researcher divided the questions into the components. 
Below is the way the questions were divided among the PCK levels: 
Figure 2 
Questions that relate to PCK levels 
Knowledge of subject specific difficulties and 
common misconceptions 
1b, 2b, 3b, 4b, 4c, 5b, 6b, 8c, 9#2 
Knowledge of useful representations of the 
content 
1d, 2d, 3d, 4d, 5d, 6d, 8d, 9#3 
Knowledge of developmental levels 3b, 7a, 7b, 10a, 10b 
Knowledge of connections among “big math 
ideas” 
1a, 2a, 3a, 4a, 5a, 6a, 8a, 8b, 9#1 
Understanding of appropriateness of student’s 
proof, justification or mathematical discourse 
1c, 2c, 3c, 5c, 6c 
 
The teacher average for each PCK level was calculated.  Students’ geometry and 
measurement scores were averaged together for a mean student score for each teacher.  
Descriptive statistics were used to describe student scores.  A Pearson’s r correlation test 
was used on each average PCK level as compared to the mean student score for each 
teacher for each grade and school and for the schools together.  This study addressed the 
following research questions:  What is the relationship between geometry and 
measurement pedagogical content knowledge of middle school mathematics teachers and 
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student achievement on geometry and measurement portions of SOL assessments? 
Statement of Null Hypotheses 
Sixth grade. 
 #1.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
the student Math 6 SOL test scores on geometry and measurement questions. 
 #2.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of useful representations of the content and the student 
Math 6 SOL test scores on geometry and measurement questions. 
 #3.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of developmental levels and the student Math 6 SOL 
test scores on geometry and measurement questions. 
 #4.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of connections among “big math ideas” and the student 
Math 6 SOL test scores on geometry and measurement questions. 
 #5.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and the student Math 6 SOL test scores on geometry 
and measurement questions. 
Seventh grade. 
 #6.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in knowledge of subject specific difficulties and misconceptions 
and the student Math 7 SOL test scores on geometry and measurement questions. 
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 #7.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in knowledge of useful representations of the content and the 
student Math 7 SOL test scores on geometry and measurement questions. 
 #8.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in knowledge of developmental levels and the student Math 7 
SOL test scores on geometry and measurement questions. 
 #9.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in knowledge of connections among “big math ideas” and the 
student Math 7 SOL test scores on geometry and measurement questions. 
 #10.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in understanding of appropriateness of student’s proof, 
justifications, or mathematical discourse and the student Math 7 SOL test scores 
on geometry and measurement questions. 
Eighth grade. 
 #11.  There will be no correlation between the eighth grade teacher rating on a 
given assessment in knowledge of subject specific difficulties and misconceptions 
and the student Math 8 SOL test scores on geometry and measurement questions. 
 #12.  There will be no correlation between the eighth grade teacher rating on a 
given assessment in knowledge of useful representations of the content and the 
student Math 8 SOL test scores on geometry and measurement questions. 
 #13.  There will be no correlation between the eighth grade teacher rating on a 
given assessment in knowledge of developmental levels and the student Math 8 
SOL test scores on geometry and measurement questions. 
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 #14.  There will be no correlation between the eight grade teacher rating on a 
given assessment in knowledge of connections among “big math ideas” and the 
student Math 8 SOL test scores on geometry and measurement questions. 
 #15.  There will be no correlation between the eighth grade teacher rating on a 
given assessment in understanding of appropriateness of student’s proof, 
justifications, or mathematical discourse and the student Math 8 SOL test scores 
on geometry and measurement questions. 
Southern Middle School 
 #16.  There will be no correlation between SMS teacher ratings on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
SMS student Math SOL test scores on geometry and measurement questions. 
 #17.  There will be no correlation between SMS teacher ratings on a given 
assessment in knowledge of useful representations of the content and SMS 
student Math SOL test scores on geometry and measurement questions. 
 #18.  There will be no correlation between SMS teacher ratings on a given 
assessment in knowledge of developmental levels and SMS student Math SOL 
test scores on geometry and measurement questions. 
 #19.  There will be no correlation between SMS teacher ratings on a given 
assessment in knowledge of connections among “big math ideas” and SMS 
student Math SOL test scores on geometry and measurement questions. 
 #20.  There will be no correlation between SMS teacher ratings on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and SMS student Math SOL test scores on geometry 
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and measurement questions. 
Northern Middle School 
 #21.  There will be no correlation between NMS teacher ratings on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
NMS student Math SOL test scores on geometry and measurement questions. 
 #22.  There will be no correlation between NMS teacher ratings on a given 
assessment in knowledge of useful representations of the content and NMS 
student Math SOL test scores on geometry and measurement questions. 
 #23.  There will be no correlation between NMS teacher ratings on a given 
assessment in knowledge of developmental levels and NMS student Math SOL 
test scores on geometry and measurement questions. 
 #24.  There will be no correlation between NMS teacher ratings on a given 
assessment in knowledge of connections among “big math ideas” and NMS 
student Math SOL test scores on geometry and measurement questions. 
 #25.  There will be no correlation between NMS teacher ratings on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and NMS student Math SOL test scores on geometry 
and measurement questions. 
All teachers 
 #26.  There will be no correlation between all teacher ratings on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
all student Math SOL test scores on geometry and measurement questions. 
 #27.  There will be no correlation between all teacher ratings on a given 
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assessment in knowledge of useful representations of the content and all student 
Math SOL test scores on geometry and measurement questions. 
 #28.  There will be no correlation between all teacher ratings on a given 
assessment in knowledge of developmental levels and all student Math SOL test 
scores on geometry and measurement questions. 
 #29.  There will be no correlation between all teacher ratings on a given 
assessment in knowledge of connections among “big math ideas” and all student 
Math SOL test scores on geometry and measurement questions. 
 #30.  There will be no correlation between all teacher ratings on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and all student Math SOL test scores on geometry and 
measurement questions. 
Research Context 
Selection of site. 
The sites for this project were the two middle schools in a small county in 
Southern Virginia. The sites were chosen because the researcher is employed in the 
county and had access to the teachers and students. For anonymity, the two schools will 
be called Northern Middle School (NMS) and Southern Middle School (SMS).  The 
county is very rural.  All schools in the county are considered to be low-income 
according to the United States Department of Education.  Even though the school 
division is not considered wealthy, there are some very good schools in the county.  The 
county schools continue to make Adequate Yearly Progress (AYP) and all schools are 
accredited.  NMS had an 89% pass rate on the math Standards of Learning tests for the 
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2008-2009 school year.  SMS had an 86% pass rate on the math Standards of Learning 
tests for the 2008-2009 school year.  There are several Title I elementary schools that 
feed into the two middle schools used in this study.  Regarding the wealth of NMS and 
SMS specifically, NMS had 53.33% students eligible to receive free and reduced price 
lunch and SMS had 51.47% students eligible to receive free and reduced price lunch.  
Participants. 
 The participants in this study are the middle school math teachers and their 
students at NMS and SMS.  Twelve teachers were asked to participate in this study 
because there are four teachers per grades 6-8 with two per grade at each school.  Every 
student must take a mathematics course in middle school, so almost the entire student 
population will be used in this study.  The exceptions are the eighth grade Algebra I 
students that will not be included since there are no geometry and measurement strands in 
Algebra I SOLs, the students with special needs that do not participate in end-of-course 
standardized testing, and the alternative-education students who were removed from 
school and were not taught by the teachers in this study.   
 The math teachers at NMS for the 2008-2009 school year were 50% males and 
50% females.  They were all of the Caucasian origin.  Using the teacher license query on 
the Virginia Department of Education website, the researcher found that two have 
master’s degrees, one is not endorsed to teach what she teachers, most are endorsed in 
elementary PreK-7 or 4-7, two are math specialists, and only one has middle school 
mathematics as an endorsement.   
The demographics for the NMS student population for the 2008-2009 school year 
were varied from grade to grade for the 2008/2009 school year.  In sixth grade, there 
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were 82 females and 84 males. Of those students 78 were African-American, four 
Hispanic, and 84 were Caucasian.  Seventh grade, where ninety-five were female and 
eighty male, was made up of two Asian/Pacific Islanders, 82 African Americans, 90 
Caucasians, and one unspecified ethnicity.  Eighth grade was composed of 90 females 
and 64 males.  There was one Asian/Pacific Islander, 79 African-Americans, one 
Hispanic, and 73 Caucasians.  The following pie chart shows the ethnicities for all grades 
at NMS.      
Figure 3 
Student Ethnicities at NMS 
  
All the math teachers at SMS for the 2008-2009 school year were females.  Two-
thirds of the teachers were Caucasian and the other third were African-American.  Using 
the teacher license query on the Virginia Department of Education website, the researcher 
found that one has a master’s degree, one is not endorsed to teach what she teaches, one 
is endorsed for middle grades, four are endorsed in elementary grades, and three are 
endorsed in mathematics. 
The demographics for the SMS student population are varied from grade to grade 
 52  
for the 2008/2009 school year.  In sixth grade, there were 85 females and 108 males. Of 
those students 79 were African-American, five Hispanic, one American Indian/Alaskan 
Native and 108 were Caucasian.  Seventh grade was made up of two American Indian or 
Alaskan Natives, 75 African Americans, 109 Caucasians, two Hispanics, and two 
Asian/Pacific Islanders.  Ninety were female and 100 were male.  Eighth grade was 
composed of 98 females and 98 males.  There was one American Indian/Alaskan Native, 
two Asian/Pacific Islanders, 72 African-Americans, six Hispanics, and 115 Caucasians.   
The following pie chart shows the ethnicities for all grades at SMS.     
Figure 4 
Student Ethnicities at SMS 
  
Instrumentation 
Teacher tool. 
 Manizade’s Geometry PCK assessment tool was used to assess teacher PCK in 
geometry and measurement in the specific area of composing and decomposing one-
dimensional and two-dimensional figures.  This instrument contains questions about 
decomposition and recomposition of one-dimensional and two-dimensional figures.  The 
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standards for decomposition and recomposition of 1-D and 2-D figures make up 10/21 
NCTM Geometry and Measurement standards and 3/9 Grade 6, 1/7 Grade 7, and 2/5 
Grade 8 Geometry and Measurement VA SOLs. 
Manizade (2006) claims, “Using this new PCK assessment tool to assess the 
knowledge of middle-school level geometry teachers will allow further investigation of 
teacher knowledge in mathematics education in relation to student cognition and student 
outcomes” (p. 170).  This instrument contains questions about decomposition and 
recomposition of one-dimensional and two-dimensional figures that are almost 48% of 
NCTM Geometry and Measurement standards and almost 29% of Virginia’s Geometry 
and Measurement SOLs.  The tool assesses the PCK components of knowledge of subject 
specific difficulties and misconceptions, knowledge of useful representations of the 
content, knowledge of developmental levels, knowledge of connections among “big math 
ideas,” and understanding of appropriateness of student’s proof, justifications, or 
mathematical discourse (Manizade 2006).   
The tool was developed as part of Manizade’s (2006) dissertation.  The Delphi 
methodology was used to establish content validity on each question item in the tool.  
Each question was evaluated and reevaluated several times by a panel of experts.  Using 
the table of specifications (Appendix D), Manizade and the panel of experts were able to 
develop appropriate pedagogical content knowledge questions for recomposing and 
decomposing one- and two-dimensional figures.  The panel of experts consisted of people 
who were knowledgeable in designing survey instruments and mathematical content.   
Manizade (2006) noted that the study’s “trustworthiness was enhanced through the 
following: (a) member checking, as part of the Delphi requirement; (b) peer debriefing; 
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(c) triangulation over time, though all three rounds of data collection and analysis; (d) 
detailed description and reporting of the research process; and (e) research notes, which 
recorded developing of each item, and emergent categories of the data” (p. 48). 
Student Standards of Learning tests. 
 The mathematics Standards of Learning End-of-Course test is administered at the 
end of every school year.  Math 6, 7, and 8 test results from the 2008-2009 school year 
were used.  All students were given a form of the 2009 test at the end of the school year.  
These tests are available for study at the Virginia Department of Education website under 
Released Test Items.  The SOL tests are considered to be valid and reliable according to 
the Virginia Department of Education.  The SOL tests were given by a teacher or 
guidance counselor who signed a test administration form, read the directions from a 
script, and did not give any prompts or help with the tests.  This data was pre-existing 
because it was from the 2008-2009 school year.  The researcher had access to the 
geometry and measurement percentages for each teacher and student.   
Procedures 
 The teacher assessment tool was given to the teachers of interest during the week 
of January 25, 2010 (see Appendices A and B).  The researcher mailed hard copies of the 
teacher assessment to teachers.  Because of length and depth of thinking required for 
assessment, participants were given two weeks to complete the assessment.  The teachers 
sent the assessment back to a designated person (the math coordinator of the county).  
Teachers were assigned a letter (Teacher A, Teacher B, etc.) by which they could be 
identified.  The researcher obtained the SOL scores for all students for each teacher 
through the math coordinator of the county.  Student names were not given to the 
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researcher.  The designated person matched each teachers’ assessment with the geometry 
and measurement SOL scores of the students of that teacher.   
Of the twelve teachers who were sent the assessment, only six completed the 
assessment within the two week period.  The researcher emailed the form back to all the 
teachers and asked again for the cooperation of those who had not already completed the 
assessment.  Three more assessments were completed after the second effort.  A third and 
fourth effort to mail another hard copy to the teachers was made, but the last three 
teachers never sent the assessment back to the researcher.   
Out of the nine assessments received, three were sixth grade, three were seventh 
grade, and three were eighth grade.  The teachers were named Teacher A--Teacher I 
according to the order in which the assessments were received.  Teacher A was an eighth-
grade teacher at Northern Middle School.  Teachers B and I were sixth-grade teachers at 
NMS.  Teachers C and D were seventh-grade teachers at Southern Middle School.  
Teacher E was a seventh-grade teacher at NMS.  Teachers F and G were an eighth-grade 
teachers at SMS.  Teacher H was a sixth-grade teacher at SMS.  The researcher does not 
know any other information about the teachers who completed the assessment except the 
grade they teach and the schools in which they teach. 
Data Analysis 
After teacher assessments were collected, responses were rated on a scale from 1 
to 3 with the use of Manizade’s scale (Appendix D).  The scale shows correct answers for 
each component of the question.  Comprehension of responses and whether they relate to 
the answers in the scale was left to the scorer.  A rating of 1 meant that the teacher did 
not answer the question, there was an obvious mathematical misconception, or the answer 
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was irrelevant to the question. A rating of 2 meant that the teacher answered less than 
50% of the question correctly.  A rating of 3 meant that the teacher answered more than 
50% of the question correctly.  These guidelines came straight from the creator of the 
scale, Dr. Manizade, after a phone call.  Teacher D’s questionnaire was scored over the 
phone with Dr. Manizade to ensure appropriate interpretation.  PCK ratings were entered 
into an Excel spreadsheet.  The following paragraphs give an example of how the 
assessments were rated: 
Question 1 of the PCK assessment gave a situation about students finding the wrong 
perimeter of a figure (see Appendix B).  The student was thinking in terms of area instead 
of perimeter which is why he gave a wrong answer.  Part B of the Question 1 asks, “What 
underlying mathematical misconception(s) or misunderstanding(s) lead the student to the 
error presented in this item?  How might the student have developed the 
misconceptions?” The scale says to look for answers like:  definition of perimeter could 
be counted as a total number of square units instead of linear units; appropriate units 
and/or tools (appropriate attributes of tools used) of measurements 2-D could be used to 
measure 1-D measures; and appropriateness of units of measurements are misunderstood.   
Teacher A, an eighth-grade teacher at SMS, had the following to say about question 
1b: “I really don’t know how the student came up with that answer.  Perimeter is the 
number of squares on the inside and area is the outside of the figure.” The second 
sentence is an incorrect statement.  Even though the teacher probably knows perimeter is 
the outside of the figure and the area is the number of squares on the inside, the 
researcher had to give the question a rating of 1 because, as written, it is a mathematical 
misconception.   
 57  
Teacher C, a seventh-grade teacher at SMS, had the following to say about the same 
question:  “I’m not really sure.  I would have expected an answer of 15(area) as a wrong 
answer.  I do not recall having students who made the mistake shown.”  This question 
received a rating of 2 because the teacher really mentioned only the second criterion 
slightly by talking about area (which is the 2-D measurement).  One out of three is less 
than 50% of the scale answers.   
The other seventh-grade teacher at NMS, Teacher D, had the following to comment 
about question 1b:  “Students are taught that to calculate area by counting the # of square 
units inside the figure.  So, student may also think counting the outside square will 
calculate perimeter.” 
Teacher D received a rating of 3 for this question.  This rating was received because 
criterions one and two were used in the answer, and two out of three is more than 50% of 
the scale answers. 
Students’ Standards of Learning scores were given to the researcher in an Excel 
spreadsheet.  The researcher kept only students’ gender, overall SOL score, and geometry 
and measurement score.  Students’ geometry and measurement scores were averaged for 
each teacher.  With Pearson’s r correlation, the degree to which the teachers’ scores on 
each PCK level and their students’ scores are related was found for each grade, each 
school overall, and both schools together.  Separate charts were designed to show the 
statistics.  Descriptive statistics were also used to describe particular instances.  The 
descriptive statistics and correlation features of the Data Analysis Pack for Microsoft 
Excel were used.   
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Chapter 4: Results 
As stated in Chapter 1, the correlational study reported here examined geometry 
and measurement pedagogical content knowledge (PCK) of middle school math teachers 
to find the relationship with Standards of Learning (SOL) test scores.  The study used 
pre-existing SOL data from the 2008-2009 school year. The teachers took the PCK 
assessment more recently.  The students who took the SOL tests were from small, rural 
middle schools where over 50% of students received free- or reduced-price lunch.  The 
data was compared to the PCK levels of the teachers who students’ scores were used.  
The teachers were mostly white and female.  This chapter is organized by the different 
statistics that were used in the study, descriptive and correlational.  As stated in previous 
sections, this study sought to answer the question:  In what ways, if any, does a middle 
school teacher's pedagogical knowledge of decomposing and recomposing one and two-
dimensional figures influence student scores in high-stakes testing situations? 
Descriptive Statistics of the Study 
Teacher assessments. 
Teacher assessments were first scored using a pre-made scale (see Appendix C).  
The table in Appendix E shows the teacher scores for every question.  Teacher 
assessment questions were then divided into subcategories according to the table of 
specifications Manizade (2006) created to accompany her PCK assessment (see 
Appendix E and Figure 2).  As previously mentioned in Chapter 3:  Teacher A was an 
eighth-grade teacher at SMS, Teachers B and I were sixth-grade teachers at SMS, 
Teachers C and D were seventh-grade teachers at NMS, Teacher E was a seventh-grade 
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teacher at SMS, Teachers F and G were eighth-grade teachers at NMS, and Teacher H 
was a sixth grade teacher at NMS.  The following tables show teachers scores on specific 
PCK levels and the average PCK level score for each teacher.      
Table 1 
Teacher assessment ratings for PCK area of knowledge of subject specific difficulties and 
common misconceptions  
Question A B C D E F G H I 
1b 1 3 3 2 3 2 3 2 3 
2b 3 3 2 2 2 1 2 2 3 
3b 2 3 3 3 3 1 2 2 3 
4b 2 1 3 2 2 1 1 2 2 
4c 1 1 3 3 2 1 1 2 2 
5b 1 1 2 2 2 2 3 2 2 
6b 3 2 3 3 3 1 3 2 2 
8c 1 2 2 1 1 1 2 2 1 
9 2 2 2 3 2 2 1 3 2 1 
Total 15 18 24 20 20 11 20 18 19 
Mean 1.67 2 2.67 2.22 2.22 1.22 2.22 2 2.11 
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Table 2 
Teacher assessment ratings for PCK area of knowledge of useful representations of the 
content 
Question A B C D E F G H I 
1d 3 2 3 2 2 1 2 2 2 
2d 3 2 2 3 3 1 3 2 2 
3d 2 1 3 3 3 1 3 2 2 
4d 2 2 2 1 3 1 3 2 3 
5d 2 2 1 1 2 2 2 2 1 
6d 1 2 2 1 2 2 2 2 2 
8d 1 3 3 2 2 2 2 2 1 
9 3 2 2 3 2 2 1 3 2 1 
Total 16 16 19 15 19 11 20 16 14 
Mean 2 2 2.11 1.67 2.11 1.22 2.22 1.78 1.56 
 
Table 3 
Teacher assessment ratings for PCK area of knowledge of developmental levels 
Question A B C D E F G H I 
3b 2 3 3 3 3 1 2 2 3 
7a 2 2 2 1 3 1 3 2 3 
7b 3 2 2 2 3 2 3 2 1 
10a 2 2 3 2 3 1 2 2 2 
10b 2 2 3 3 3 1 2 2 1 
Total 11 11 13 11 15 6 12 10 10 
Mean 2.2 2.2 2.6 2.2 3 1.2 2.4 2 2 
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Table 4 
Teacher assessment ratings for PCK area of knowledge of connections among “big math 
ideas” 
Question A B C D E F G H I 
1a 3 2 3 2 3 1 3 2 3 
2a 2 2 2 3 3 1 2 2 3 
3a 2 3 2 2 3 2 3 2 3 
4a 2 2 3 3 3 1 3 2 3 
5a 1 2 2 2 3 1 3 2 3 
6a 1 3 3 2 2 2 3 2 2 
8a 1 2 3 3 3 2 2 2 1 
8b 1 3 2 2 3 1 2 2 2 
9 1 2 3 3 2 2 2 2 2 2 
Total 15 22 23 21 25 13 23 18 22 
Mean 1.67 2.44 2.56 2.33 2.78 1.44 2.56 2 2.44 
 
Table 5 
Teacher assessment ratings for PCK area of understanding of appropriateness of 
student’s proof, justification or mathematical discourse 
Question A B C D E F G H I 
1c 2 2 3 3 3 2 3 2 2 
2c 2 1 2 3 3 1 3 2 2 
3c 3 2 2 2 3 2 2 2 2 
5c 1 1 1 2 3 2 2 2 2 
6c 1 2 2 2 1 1 1 2 2 
Total 9 8 10 12 13 8 11 10 10 
Mean 1.8 1.6 2 2.4 2.6 1.6 2.2 2 2 
 
 Student scores by teacher. 
Individual student scores are shown in Appendix F for NMS and Appendix G for 
SMS.  The test column refers to which test (grade 6, 7, or 8 math Standards of Learning 
test) the student took.  Notice that some of the seventh-grade teachers had students who 
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took the eighth-grade SOL test.  The reason for this is that seventh-grade students can 
choose to take Math 7 or Pre-Algebra/Math 8.  Because of this choice, seventh-grade 
teachers teach both subjects.  When correlating, the ratings of seventh-grade teachers 
were included in both Math 7 and Math 8.  The following figures give descriptive 
statistics for each teacher according to the test their students took.   
Table 6     Table 7 
Teacher A Math 8   Teacher B Math 6 
Mean 41.88 Mean 34.59 
Standard Error 1.14 Standard Error 0.65 
Median 42 Median 36 
Mode 50 Mode 36 
Standard 
Deviation 7.99 
Standard 
Deviation 6.45 
Sample 
Variance 63.86 
Sample 
Variance 41.54 
Kurtosis -1.51 Kurtosis 1.30 
Skewness -0.28 Skewness -0.21 
Range 22 Range 39 
Minimum 28 Minimum 11 
Maximum 50 Maximum 50 
Sum 2052 Sum 3390 
Count 49 Count 98 
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Table 8     Table 9 
Teacher C Math 7   Teacher C Math 8 
Mean 33.78 Mean 43.59 
Standard Error 0.70 Standard Error 1.47 
Median 32 Median 42 
Mode 32 Mode 50 
Standard 
Deviation 5.17 
Standard 
Deviation 6.05 
Sample 
Variance 26.74 
Sample 
Variance 36.63 
Kurtosis 0.64 Kurtosis -1.488 
Skewness 0.63 Skewness -0.16 
Range 26 Range 17 
Minimum 24 Minimum 33 
Maximum 50 Maximum 50 
Sum 1824 Sum 741 
Count 54 Count 17 
 
Table 10     Table 11 
Teacher D Math 7   Teacher D Math 8 
Mean 33.15 Mean 46.67 
Standard Error 0.68 Standard Error 1.14 
Median 32 Median 50 
Mode 35 Mode 50 
Standard 
Deviation 4.69 
Standard 
Deviation 5.22 
Sample 
Variance 21.96 
Sample 
Variance 27.23 
Kurtosis 2.60 Kurtosis 0.84 
Skewness 0.76 Skewness -1.34 
Range 27 Range 17 
Minimum 23 Minimum 33 
Maximum 50 Maximum 50 
Sum 1558 Sum 980 
Count 47 Count 21 
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Table 12    Table 13 
Teacher E Math 7   Teacher E Math 8 
Mean 31.52 Mean 41.73 
Standard Error 0.83 Standard Error 1.02 
Median 32 Median 42 
Mode 30 Mode 42 
Standard 
Deviation 5.72 
Standard 
Deviation 6.48 
Sample 
Variance 32.77 
Sample 
Variance 41.95 
Kurtosis 1.23 Kurtosis -1.12 
Skewness 0.54 Skewness -0.04 
Range 30 Range 19 
Minimum 20 Minimum 31 
Maximum 50 Maximum 50 
Sum 1513 Sum 1669 
Count 48 Count 40 
 
Table 14                Table 15 
Teacher F Math 8   Teacher G Math 8 
Mean 34 Mean 40.91 
Standard Error 1.70 Standard Error 0.90 
Median 33 Median 42 
Mode 33 Mode 42 
Standard 
Deviation 6.37 
Standard 
Deviation 7.27 
Sample 
Variance 40.62 
Sample 
Variance 52.89 
Kurtosis -0.30 Kurtosis -0.59 
Skewness -0.21 Skewness -0.27 
Range 21 Range 29 
Minimum 21 Minimum 21 
Maximum 42 Maximum 50 
Sum 476 Sum 2659 
Count 14 Count 65 
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Table 16     Table 17 
Teacher H Math 6                 Teacher I Math 6 
Mean 34.22 Mean 34.90 
Standard Error 0.85 Standard Error 0.93 
Median 33 Median 33 
Mode 41 Mode 41 
Standard 
Deviation 7.07 
Standard 
Deviation 7.80 
Sample 
Variance 50.03 
Sample 
Variance 60.78 
Kurtosis -0.09 Kurtosis -0.53 
Skewness 0.49 Skewness 0.61 
Range 31 Range 28 
Minimum 19 Minimum 22 
Maximum 50 Maximum 50 
Sum 2361 Sum 2478 
Count 69 Count 71 
 
The highest score a student can make in geometry and measurement is a 50. This applies 
to all three grades.  Tables 22-24 give a summary of the means for each teacher by 
grades.  These are the scores that will be calculated with each PCK category score of the 
teachers.   
Table 18 
Math 6 scores 
Teachers 
Average 
Scores 
Teacher B 34.59 
Teacher H 34.22 
Teacher I 34.90 
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Table 19 
Math 7 scores 
Teachers 
Average 
Scores 
Teacher C 33.78 
Teacher D 33.15 
Teacher E 31.52 
 
Table 20 
Math 8 scores 
Teachers 
Average 
Scores 
Teacher A 41.88 
Teacher C 43.59 
Teacher D 46.67 
Teacher E 41.73 
Teacher F 34 
Teacher G 40.91 
 
The next two figures (21 and 22) show the scores broken down by schools. 
Table 21 
SMS scores 
Teachers 
Average 
Scores 
Teacher A 41.88 
Teacher B 34.59 
Teacher E 31.52 
Teacher E 41.73 
Teacher I 34.90 
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Table 22 
NMS scores 
Teachers 
Average 
Scores 
Teacher C 33.78 
Teacher C 43.59 
Teacher D 33.15 
Teacher D 46.67 
Teacher F 34 
Teacher G 40.91 
Teacher H 34.22 
 
All the above tables were made because each was correlated with all five PCK levels.  
Correlation Statistics 
The average pedagogical content knowledge category for each teacher was 
correlated with student scores’ for that teacher in each grade, each school, and all 
together. Pearson’s correlation test was used to find the relationship.  A two-tailed p-
value is presented in each table along with r.  A significant relationship was considered to 
be r = ±.5. 
Hypotheses #1-5. 
 Hypothesis #1-5 stated no correlation between PCK component scores and Math 
6 SOL scores.  A summary of the results is shown in Table 23 below where PCK 1,2,3,4 
and 5 correspond to the PCK components respectively: 
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Table 23 
Summary of sixth grade correlation statistics 
Teachers 
Average 
Scores PCK 1 PCK  2 PCK 3 PCK  4 PCK 5 
Teacher B 34.59 2 2 2.2 2.44 1.6 
Teacher H 34.22 2 1.78 2 2 2 
Teacher I 34.90 2.11 1.56 2 2.44 2 
  p-value 0.37 0.70 0.97 0.30 0.97 
 r 0.84 -0.45 0.05 0.89 -0.05 
 
Hypotheses #6-10. 
Hypotheses #6-10 stated no correlation between PCK component scores and Math 
7 SOL scores.  A summary of the results from these hypotheses is shown in Table 24 
below: 
Table 24 
Summary of seventh grade correlation statistics 
Teachers 
Average 
Scores PCK 1 PCK 2 PCK 3 PCK 4 PCK  5 
Teacher C 33.78 2.67 2.11 2.6 2.56 2 
Teacher D 33.15 2.22 1.67 2.2 2.33 2.4 
Teacher E 31.52 2.22 2.11 3 2.78 2.6 
 p-value 0.49 0.84 0.51 0.52 0.28 
  r 0.72 -0.25 -0.7 -0.69 -0.91 
 
Hypotheses #11-15. 
Hypotheses #11-15 stated no correlation between PCK component scores and 
Math 8 SOL scores.  A summary of the results is shown in Table 25 below: 
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Table 25 
Summary of eighth grade correlation statistics 
Teachers 
Average 
Scores PCK 1 PCK 2 PCK 3 PCK 4 PCK 5 
Teacher A 41.88 1.67 2 2.2 1.67 1.8 
Teacher C 43.59 2.67 2.11 2.6 2.56 2 
Teacher D 46.67 2.22 1.67 2.2 2.33 2.4 
Teacher E 41.73 2.22 2.11 3 2.78 2.6 
Teacher F 34 1.22 1.22 1.2 1.44 1.6 
Teacher G 40.91 2.22 2.22 2.4 2.56 2.2 
 p-value 0.08 0.27 0.15 0.21 0.17 
  r 0.77 0.54 0.67 0.6 0.64 
 
Other hypotheses. 
The researcher wanted to look at the correlations of each school individually and 
together for each PCK component of the assessment.  The following addresses 
hypotheses #16-30. 
Southern Middle School (Hypotheses #16-20) 
SMS teacher ratings and student scores (both for Teacher E) were used for SMS 
correlations.  A summary of the results from SMS is shown in Table 26 below: 
Table 26 
Summary of SMS correlation statistics 
Teachers 
Average 
Scores PCK 1 PCK 2 PCK 3 PCK 4 PCK 5 
Teacher A 41.88 1.67 2 2.2 1.67 1.8 
Teacher B 34.59 2 2 2.2 2.44 1.6 
Teacher E 31.52 2.22 2.11 3 2.78 2.6 
Teacher E 41.73 2.22 2.11 3 2.78 2.6 
Teacher I 34.90 2.11 1.56 2 2.44 2 
 p-value 0.43 0.75 0.99 0.42 0.94 
  r -0.47 0.19 -0.01 -0.48 -0.05 
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Northern Middle School (Hypotheses #21-25) 
NMS teacher ratings and student scores (both for Teachers C and D) were used 
for SMS correlations.  A summary of the results is shown in Table 27 below: 
Table 27 
Summary of NMS correlation statistics 
Teachers 
Average 
Scores PCK 1 PCK 2 PCK 3 PCK 4 PCK 5 
Teacher C 33.78 2.67 2.11 2.6 2.56 2 
Teacher C 43.59 2.67 2.11 2.6 2.56 2 
Teacher D 33.15 2.22 1.67 2.2 2.33 2.4 
Teacher D 46.67 2.22 1.67 2.2 2.33 2.4 
Teacher F 34 1.22 1.22 3 1.44 1.6 
Teacher G 40.91 2.22 2.22 2.4 2.56 2.2 
Teacher H 34.22 2 1.78 2 2 2 
 p-value 0.47 0.51 0.79 0.35 0.38 
  r 0.33 0.3 -0.12 0.42 0.39 
 
All teachers (Hypotheses #26-30) 
 All teachers and scores from both schools were used to calculate an overall 
correlation for each PCK level.  A summary of these results is shown in Table 28 below: 
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Table 28 
Summary of all teachers correlation statistics 
Teachers 
Average 
Scores PCK 1 PCK 2 PCK 3 PCK 4 PCK 5 
Teacher A 41.88 1.67 2 2.2 1.67 1.8 
Teacher B 34.59 2 2 2.2 2.44 1.6 
Teacher C 33.78 2.67 2.11 2.3 2.56 2 
Teacher C 43.59 2.67 2.11 2.3 2.56 2 
Teacher D 33.15 2.22 1.67 2.2 2.33 2.4 
Teacher D 46.67 2.22 1.67 2.2 2.33 2.4 
Teacher E 31.52 2.22 2.11 3 2.78 2.6 
Teacher E 41.73 2.22 2.11 3 2.78 2.6 
Teacher F 34 1.22 1.22 1.2 1.44 1.6 
Teacher G 40.91 2.22 2.22 2.4 2.56 2.2 
Teacher H 34.22 2 1.78 2 2 2 
Teacher I 34.90 2.11 1.56 2 2.44 2 
 p-value 0.58 0.46 0.62 0.87 0.61 
  r 0.18 0.24 0.16 0.05 0.17 
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Chapter 5:  Summary and Discussion 
This final chapter will restate the research problem and provide a review as to the 
major methods used in the study.  The heart of this study was finding the relationship 
between the pedagogical content knowledge (PCK) of middle school math teachers and 
their students’ Standards of Learning test scores. The major sections of this chapter 
summarize and discuss the results of this study.   
Summary 
Statement of the problem. 
This study examined if teacher pedagogical content knowledge (PCK) in 
geometry and measurement correlate with student scores in that area on standardized 
achievement tests.  It answered the following question: 
What is the relationship between geometry and measurement pedagogical content 
knowledge of middle school mathematics teachers and student achievement on 
geometry and measurement portions of the Standards of Learning assessments? 
Review of methodology. 
 As explained in previous chapters, the study reported here focused on whether 
there is a relationship between geometry and measurement pedagogical content 
knowledge (PCK) in middle school mathematics teachers and student achievement on 
SOL test scores on the geometry and measurement sections.  Data collected from teachers 
was rated on a scale of 1-3 through use of the scale in Appendix C.   Using Manizade’s 
(2006) table of specifications (see Appendix D), teacher assessment questions were 
divided among PCK levels (see Figure 2).  Teacher ratings were entered into an Excel 
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spreadsheet (Appendix E).  Student math SOL scores from the 2008-2009 school year 
were given to the researcher in an Excel spreadsheet.  The student scores ranged from 16 
to a perfect score of 50.   
This was a quantitative study that required Pearson’s Product Moment Correlation 
statistical test to determine the relationship between the PCK levels of the teachers and 
students’ SOL scores.  The Pearson’s r statistical test was performed on students’ scores 
and on each of the five PCK components: 1) knowledge of subject specific difficulties 
and misconceptions, 2) knowledge of useful representations of the content, 3) knowledge 
of developmental levels, 4) knowledge of connections among “big math ideas,” and 5) 
understanding of appropriateness of student’s proof, justifications, or mathematical 
discourse (Manizade, 2006).  A two-tailed p-value is presented in each table along with r.  
A significant relationship was considered to be r = ±.5.  The statistical tests corresponded 
to the thirty original hypotheses of the study in regards to the five PCK components for 
sixth, seventh, and eighth grades; each school; and both schools together. 
Summary of the results. 
 This study represented five aspects of pedagogical content knowledge (PCK).  
The five aspects were knowledge of subject specific difficulties and misconceptions, 
knowledge of useful representations of the content, knowledge of developmental levels, 
knowledge of connections among “big math ideas,” and understanding of appropriateness 
of student’s proof, justifications, or mathematical discourse (Manizade, 2006).  Data 
analysis was performed separately on each grade, each school, and then everything 
together.  The hypotheses were tested and results were scattered.  Math 6 correlations 
showed an overall positive relationship.  Math 7 showed strong, negative correlations.  
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Math 8 showed strong, positive correlations between teacher PCK and student SOL 
scores. Southern Middle School produced overall negative correlations.  On the other 
hand, Northern Middle School showed overall positive correlations between teacher PCK 
and student scores.  After analyzing the many correlations required for this study, the 
results showed a slight, positive correlation between teacher PCK and student scores 
overall for both schools.   
Discussion of Results 
 According Table 1, Teacher C had the highest PCK score in knowledge of subject 
specific difficulties where Teacher F had the lowest.  The teacher with the highest PCK 
score in knowledge of useful representations of the content was Teacher G and the 
teacher with the lowest PCK score in the same area was Teacher F according to Table 2.  
In regard to the PCK level of knowledge of developmental levels, Teacher E had the 
highest score (and the only perfect score of 3 on all levels) and Teacher F had the lowest 
according to Table 3.  Looking at Table 4, Teacher E had the highest PCK score and 
Teacher F had the lowest PCK score in regard to knowledge of connections among “big 
math ideas.” Finally, Teacher E had the highest PCK score in understanding of 
appropriateness of student’s proof, justification, or mathematical discourse, and Teachers 
B and F tied for the lowest score in the same category according to Table 5.  Please note 
that Teacher F scored the lowest in all categories.  The reason may be because Teacher F 
left most questions unanswered.   
 Using Tables 6-17, the students' scores ranged from 16 to a perfect score of 50.  
Teachers B and E tested the most of students according to Tables 7, 12, and 13.  Table 14 
shows that Teacher F tested the smallest number of students.  This may be because 
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Teacher F tested many Algebra I students whose scores were not used in this study.  
Math 8 scores seem to have the highest overall averages since the highest score is a 50.  
Teacher D with his Math 8 scores had the highest average out of any of the teachers.   
Sixth-grade hypotheses. 
 Table 23 shows the results for the first hypotheses.  Hypotheses #1-5 stated no 
correlation between PCK scores and Math 6 SOL scores as follows: 
 #1.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
the student Math 6 SOL test scores on geometry and measurement questions. 
 #2.  There will be no correlation between the sixth grade teacher rating on a given 
assessment knowledge of useful representations of the content and the student 
Math 6 SOL test scores on geometry and measurement questions. 
 #3.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of developmental levels and the student Math 6 SOL 
test scores on geometry and measurement questions. 
 #4.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in knowledge of connections among “big math ideas” and the student 
Math 6 SOL test scores on geometry and measurement questions. 
 #5.  There will be no correlation between the sixth grade teacher rating on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and the student Math 6 SOL test scores on geometry 
and measurement questions. 
Hypothesis #1 had significant, positive results in regard to the knowledge of subject 
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specific difficulties and misconceptions component of PCK because r = .837392.  There 
was a negative correlation on the second PCK component of knowledge of useful 
representation of the content as r = -.4519, so Hypothesis #2 was accepted.  Hypothesis 
#3 was also accepted because almost no correlation was found in regard to knowledge of 
developmental levels.  Hypothesis #4 was rejected because a very strong correlation of r 
= .892068 was found between student scores and knowledge of connections among “big 
math ideas.”  On the other hand, Hypothesis #5 was supported because of the very small, 
negative correlation that was found with student scores and understanding of 
appropriateness of student’s proof, justification, or mathematical discourse.   
Seventh-grade hypotheses. 
 Hypotheses #6-10 stated significant, positive correlations between PCK scores 
and Math 7 SOL scores as follows: 
 #6.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in knowledge of subject specific difficulties and misconceptions 
and the student Math 7 SOL test scores on geometry and measurement questions. 
 #7.  There will be no correlation between the seventh grade teacher rating on a 
given assessment knowledge of useful representations of the content and the 
student Math 7 SOL test scores on geometry and measurement questions. 
 #8.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in knowledge of developmental levels and the student Math 7 
SOL test scores on geometry and measurement questions. 
 #9.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in knowledge of connections among “big math ideas” and the 
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student Math 7 SOL test scores on geometry and measurement questions. 
 #10.  There will be no correlation between the seventh grade teacher rating on a 
given assessment in understanding of appropriateness of student’s proof, 
justifications, or mathematical discourse and the student Math 7 SOL test scores 
on geometry and measurement questions. 
Hypothesis #6 was not supported in regard to the knowledge of subject specific 
difficulties and misconceptions component of PCK because r = .715217.  There was a 
negative correlation on the second PCK component of knowledge of useful 
representations of the content as r = -.24766 so Hypothesis #7 was supported.  
Hypotheses #8, #9 , #10 were rejected because significant, negative correlations were 
found in regard to knowledge of developmental levels and knowledge of connections 
among “big math ideas,” and understanding of appropriateness of student’s proof, 
justification, or mathematical discourse.  A summary of these results is shown in Table 
24. 
Eighth-grade hypotheses.  
Hypotheses #11-15 stated significant, positive correlations between PCK scores 
and Math 8 SOL scores as follows: 
 #11.  There will be no correlation between the eighth grade teacher rating on a 
given assessment in knowledge of subject specific difficulties and misconceptions 
and the student Math 8 SOL test scores on geometry and measurement questions. 
 #12.  There will be no correlation between the eighth grade teacher rating on a 
given assessment knowledge of useful representations of the content and the 
student Math 8 SOL test scores on geometry and measurement questions. 
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 #13.  There will be no correlation between the eighth grade teacher rating on a 
given assessment in knowledge of developmental levels and the student Math 8 
SOL test scores on geometry and measurement questions. 
 #14.  There will be no correlation between the eight grade teacher rating on a 
given assessment in knowledge of connections among “big math ideas” and the 
student Math 8 SOL test scores on geometry and measurement questions. 
 #15.  There will be no correlation between the eighth grade teacher rating on a 
given assessment in understanding of appropriateness of student’s proof, 
justifications, or mathematical discourse and the student Math 8 SOL test scores 
on geometry and measurement questions. 
A strong correlation of r = .765344 was found in regard to knowledge of the subject 
specific difficulties and misconceptions component of PCK so Hypothesis #11 was 
rejected.  Hypothesis #12 was also rejected because of the positive correlation of .535354 
that was found with the second PCK component of knowledge of useful representation of 
the content.  Hypotheses #13-15 were not supported because positive correlations r > .6 
were found for the rest of the PCK components.  A summary of these results is shown in 
Table 25. 
Southern Middle School. 
SMS teacher ratings and student scores (both for Teacher E) were used for SMS 
correlations for Hypotheses #16-20.  The hypotheses are stated as follows: 
 #16.  There will be no correlation between SMS teacher ratings on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
SMS student Math SOL test scores on geometry and measurement questions. 
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 #17.  There will be no correlation between SMS teacher ratings on a given 
assessment knowledge of useful representations of the content and SMS student 
Math SOL test scores on geometry and measurement questions. 
 #18.  There will be no correlation between SMS teacher ratings on a given 
assessment in knowledge of developmental levels and SMS student Math SOL 
test scores on geometry and measurement questions. 
 #19.  There will be no correlation between SMS teacher ratings on a given 
assessment in knowledge of connections among “big math ideas” and SMS 
student Math SOL test scores on geometry and measurement questions. 
 #20.  There will be no correlation between SMS teacher ratings on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and SMS student Math SOL test scores on geometry 
and measurement questions. 
 According to Table 26, a weak, negative correlation was found in regard to the 
knowledge of subject specific difficulties and misconceptions component of PCK so 
Hypothesis #16 was accepted.  A very weak, positive correlation of r = .194313 was 
found with the second PCK component of knowledge of useful representation of the 
content so Hypothesis #17 was supported.  Hypotheses #18, #19, and #20 were supported 
because of the weak, negative correlations that were found for the third PCK component 
of knowledge of developmental levels and the fifth component of understanding of 
appropriateness of student’s proof, justification, or mathematical discourse and the 
stronger, negative correlation that was found for the knowledge of connections among 
“big math ideas” component. 
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Northern Middle School. 
NMS teacher ratings and student scores (both for Teachers C and D) were used 
for SMS correlations for Hypotheses #21-25.  The hypotheses are stated as follows: 
 #21.  There will be no correlation between NMS teacher ratings on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
NMS student Math SOL test scores on geometry and measurement questions. 
 #22.  There will be no correlation between NMS teacher ratings on a given 
assessment knowledge of useful representations of the content and NMS student 
Math SOL test scores on geometry and measurement questions. 
 #23.  There will be no correlation between NMS teacher ratings on a given 
assessment in knowledge of developmental levels and NMS student Math SOL 
test scores on geometry and measurement questions. 
 #24.  There will be no correlation between NMS teacher ratings on a given 
assessment in knowledge of connections among “big math ideas” and NMS 
student Math SOL test scores on geometry and measurement questions. 
 #25.  There will be no correlation between NMS teacher ratings on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and NMS student Math SOL test scores on geometry 
and measurement questions. 
Slightly positive correlations were found in regard to knowledge of the subject specific 
difficulties and misconceptions component and the knowledge of useful representations 
of content component so Hypothesis #21 and #22 were accepted.  Hypothesis #23 was 
supported because of the weak, negative correlation that was found for the third PCK 
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component of knowledge of developmental levels.  Positive correlations of about .4 were 
found for the last two PCK components, so their corresponding hypotheses (#24 and #25) 
were accepted because it was not a significant relationship.  A summary of these results is 
shown in Table 27. 
All teachers. 
All teachers and scores from both schools were used to calculate an overall 
correlation for each PCK level for Hypotheses #26-30.  The hypotheses are stated as 
follows:   
 #26.  There will be no correlation between all teacher ratings on a given 
assessment in knowledge of subject specific difficulties and misconceptions and 
all student Math SOL test scores on geometry and measurement questions. 
 #27.  There will be no correlation between all teacher ratings on a given 
assessment knowledge of useful representations of the content and all student 
Math SOL test scores on geometry and measurement questions. 
 #28.  There will be no correlation between all teacher ratings on a given 
assessment in knowledge of developmental levels and all student Math SOL test 
scores on geometry and measurement questions. 
 #29.  There will be no correlation between all teacher ratings on a given 
assessment in knowledge of connections among “big math ideas” and all student 
Math SOL test scores on geometry and measurement questions. 
 #30.  There will be no correlation between all teacher ratings on a given 
assessment in understanding of appropriateness of student’s proof, justifications, 
or mathematical discourse and all student Math SOL test scores on geometry and 
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measurement questions. 
Using Table 28, slightly positive correlations (.05 < r < .23) were shown for all levels of 
PCK.  Therefore, all hypotheses were accepted for all teachers because the results were 
not significant. 
PCK components. 
 In regard to the first PCK component of knowledge of useful representation of the 
content, the Math 6 scores, Math 7 scores, and Math 8 scores showed strong, positive 
relationships to the PCK scores of teachers.  When the data was grouped into each 
school, the correlations dramatically changed.  Southern Middle School teachers’ PCK 
levels of component one show a slight, negative relationship.  PCK levels and student 
scores produce only a weak, positive correlation for Northern Middle School.  Finally, 
PCK levels for knowledge of subject specific difficulties and misconceptions and student 
scores for all teachers showed a very weak, positive relationship overall. 
 As to the second PCK component of knowledge of useful representations, 
negative relationships were found for sixth- and seventh-grade teacher PCK ratings and 
student scores.  Math 8 scores showed a positive relationship.  Positive relationships were 
found for SMS and NMS when grouped together.  Also, a positive relationship was found 
for all teachers and students for the knowledge of useful representations PCK component. 
 The knowledge of developmental levels PCK component had varying results.  
Math 6 correlations showed almost no relationship. Math 7 correlations showed a strong, 
negative correlation; whereas, eighth-grade showed a strong, positive correlation.  Both 
schools showed slight, negative relationships when grouped together for the third PCK 
component.  When all teachers were grouped together, a slight, positive relationship was 
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produced for knowledge of developmental levels PCK component as compared to student 
scores. 
 In regard to the fourth PCK component of Manizade’s (2006) assessment of 
knowledge of connections among “big math ideas,” sixth- and eighth-grade teacher PCK 
levels showed strong, positive correlations when compared with student scores.  Seventh-
grade teachers showed a strong, negative correlation to Math 7 scores.  When schools 
were grouped together, SMS showed a negative correlation and NMS showed almost the 
exact opposite positive correlation.  Finally, when all teachers were grouped together, 
almost no correlation was produced for knowledge of connections among “big math 
ideas.” 
 On the last PCK level of understanding of appropriateness of student’s proof, 
justification, or mathematical discourse, sixth-grade showed almost no correlation.  
Seventh-grade produced an almost perfect negative correlation.  Eighth-grade teacher 
PCK levels when compared with student scores showed a strong, positive correlation.  
Southern Middle School produced almost no correlation, but Northern Middle School 
produced a positive correlation.  A slight, positive correlation was found for the PCK 
level of understanding of appropriateness of student’s proof, justification, or 
mathematical discourse when compared with student scores. 
Summary. 
Overall, sixth-grade produced positive relationships between teacher PCK and 
student scores, but only the first and fourth PCK components were significant.  Seventh-
grade showed negative relationships and therefore did not support the seventh-grade 
hypotheses of the study.  Eighth-grade yielded strong, positive relationships throughout 
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all the statistical correlation tests, so the eighth-grade hypotheses were supported through 
this study.  The reason seventh-grade results showed negative relationships may be 
because seventh grade SOL scores are lower across the board and have been since the test 
was implemented in Virginia.  Another reason scores were so negative is because two of 
the teachers in seventh-grade were math specialists by the time they filled out the teacher 
assessment.  Their status could have produced higher rated answers and negatively 
affected the correlation for the low seventh-grade SOL scores.  SMS produced mostly 
negative relationships when teacher PCK and student scores were correlated.  NMS 
showed mostly weak, positive correlations.  Finally, when all teachers and scores were 
grouped together, positive correlations were shown.   
Overall, most of the hypotheses were accepted which was a disappointment.  The 
researcher had hoped for more significant, positive relationships between teacher 
pedagogical content knowledge and student achievement on SOL tests.  Because of this, 
one would think that PCK has nothing to do with student achievement.  On the other 
hand, nineteen out of the thirty hypotheses did show a positive relationship even though 
most were not significant enough for this study. (The researcher considered a significant, 
positive relationship to be r>.5).  This researcher believes that because of the many 
positive correlations there is a positive relationship between teacher PCK and student 
achievement even though the relationship was not as strong as the researcher had hoped.   
Relationship of the Current Study to Prior Research 
 This study showed that the pedagogical content knowledge (PCK) of teachers 
does play a slight role in student achievement, even though it was show to not be the 
most important factor in student achievement.  The researcher could find only one study 
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that specifically compared PCK with student achievement which was the study by 
Carpenter et al. (1988).  The current study did not test the same components of PCK that 
Carpenter et al. (1988) did.  The Carpenter et al. (1988) study found that the PCK 
component of knowledge of students correlated to student achievement.  The current 
study found that knowledge of subject specific difficulties and misconceptions, 
knowledge of useful representations of the content, knowledge of developmental levels, 
knowledge of connections among “big math ideas,” and understanding student’s proof, 
justification, or mathematical discourse all correlated positively to student achievement 
overall.  This study adds to the limited body of research about assessing PCK and PCK 
related to student achievement.  
Implications 
The positive (though not significant) correlations between teacher pedagogical 
content knowledge and student achievement on SOL tests provide evidence that being an 
effective teacher could produce good high-stakes testing results.  This research highlights 
the importance of pedagogical content knowledge (PCK) in the mathematics classroom 
of middle-school teachers.  Because few of the results of this study were significant, it 
shows that other knowledge (like content and pedagogical) must be important for 
instruction and learning to take place in the classroom.  This study shows that though 
teacher PCK is not the most important reason for passing standardized tests, it does play 
an important role in the classroom because of the many positive relationships that were 
produced.  This study provides reasons for professional development opportunities in the 
area of PCK.  The results of the study could provide a reason to have a math specialist at 
the middle-school level to help improve teacher PCK.  Because PCK is related to student 
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scores overall, PCK should be emphasized in math education courses in college and re-
certification classes.   
Limitations 
 This study has several limitations.  First, pre-existing scores from a previous 
school year had to be used in the study.  Since pre-existing scores were used, the middle-
school teachers from last year had to be used.  Three of those teachers are no longer 
teaching middle-school mathematics.  Two are elementary mathematics specialists and 
one is middle-school mathematics specialist for the current school year.  The teachers 
could possibly have more PCK when they completed their assessments than they had in 
the previous school year because of courses taken and experience gathered from being a 
math specialist.  Second, only three-fourths of the teacher assessments were completed, 
so only three-fourths of the SOL data could be used for this study.  All twelve teachers’ 
data could have produced stronger or weaker correlations.  Third, the study used a very 
small sample because of the small number of middle-school math teachers in the county.  
A study of more middle-school math teachers from surrounding counties could have 
produced different results.  Finally, the PCK assessment assessed only geometry and 
measurement PCK components related to decomposing and recomposing one-
dimensional and two-dimensional figures.  The SOL test scores were geometry and 
measurement scores for all geometry and measurement SOLs.   There was no way to this 
researcher’s knowledge to break down scores to include only questions about 
decomposing and recomposing one-dimensional and two-dimensional figures.  If that 
was possible, the results would be more reliable.   
Recommendations for Further Research 
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 Additional research is needed in PCK compared to student scores in math and 
other subjects.  This research involved only a very small amount of data.  Research 
involving more schools could be beneficial.  This study should be repeated on a bigger 
sample.  Analysis could be done to see if teacher PCK levels made a difference by 
student ethnicities' test scores.  This study should be repeated on a sample with a more 
diverse population.  Analysis could also be done by gender to see whether boys or girls 
benefited more from higher PCK levels from teachers.  Also, it would be interesting to 
find whether SOL scores can be broken down into the category of decomposing and 
recomposing one-dimensional and two-dimensional figures and, if they can be, correlated 
with teacher PCK levels.  Also, if a PCK assessment tool could be created for all middle-
school math SOLs or even just geometry and measurement SOLs including decomposing 
and recomposing one-dimensional and two-dimensional figures, studying its scores 
compared to SOL scores would be interesting.  
 88  
References 
Ahtee, M. & Johnston, J. (2006).  Primary student teachers’ ideas about teaching a 
physics topic.  Scandinavian Journal of Educational Research, 50(2), 207-219.  
doi:10.1080/00313830600576021 
Ball, D. (1988a).  Knowledge and reasoning in mathematical pedagogy:  Examining what 
prospective teachers bring to teacher education. (Volumes I & II).  (Ph.D. 
dissertation, Michigan State University).  Retrieved from Dissertations and 
Theses:  Full Text database. (Publication No. AAT 8900008) 
Ball, D. (1988b).  Research on teaching and mathematics:  Making subject matter 
knowledge part of the equation.  East Lansing, MI:  National Center for Research 
on Teacher Education.  (ERIC Document Reproduction Service No.  ED301467) 
Ball, D. (2000).  Bridging practices:  Intertwining content and pedagogy in teaching and 
learning to teach.  Journal of Teacher Education, 51(3), 241-247.  
doi:10.1177/0022487100051003013 
Ball, D., Hill, H., & Bass, H. (2005).  Knowing mathematics for teaching:  Who knows 
mathematics well enough to teach third grade, and how can we decide?  American 
Educator, 29(3), 14-22, 43-46.  Retrieved from AFT publications: 
http://www.aft.org/pubs-reports/american_educator/issues/fall2005/BallF05.pdf 
Ball, D., Thames, M., & Phelps, G. (2008).  Content knowledge for teaching:  What 
makes it special? Journal of Teacher Education, 59(5), 389-407.  
doi:10.1177/0022487108324554 
 89  
Bass, H. (2005).  Mathematics, mathematicians, and mathematics education.  Bulletin of 
the American Mathematical Society, 42(4), 417-430.  doi: 10.100/S0273-0979-05-
01072-4 
Brennan, Janet L. (2008) A comparison of four-year teacher preparation programs in 
secondary mathematics education.  (Ed.D. dissertation, Indiana University of 
Pennsylvania). Retrieved from Dissertations & Theses: Full Text database. 
(Publication No. AAT 3303101). 
Burger, W. & Shaughnessy, J. (1986).  Characterizing the van Hiele levels of 
development in geometry.  Journal for Research in Mathematics Education, 
17(1), 13-48. doi: 10.2307/749317 
Carpenter, T., Fennema, E., Peterson, P., & Carey, D. (1988).  Teachers’ pedagogical 
content knowledge of students’ problem solving in elementary arithmetic.  
Journal for Research in Mathematics Education, 19(5), 385-401. 
doi:10.2307/749173 
Cirino, P., Pollard-Durodola, S., Foorman, B., Carlson, C., & Francis, D., (2007).  
Teacher characteristics, classroom instructions,, and student literacy and language 
outcomes in bilingual kindergartners.  The Elementary School Journal, 107(4), 
341-364).  doi: 10.1086/516668   
Department of Education (2004).  New No Child Left Behind Flexibility: Highly 
Qualified Teachers.  Retrieved from US Department of Education website: 
http://www.ed.gov/nclb/methods/teachers/hqtflexibility.html   
 
 
 90  
Derry, S., Wilsman, M., & Hackbarth, A. (2007).  Using contrasting case activities to 
deepen teacher understanding of algebraic thinking and teaching.  Mathematical 
Thinking and Learning, 9(3), pp. 305-329.  Retrieved from Academic Search 
Premier. 
Gatbonton, E. (2008).  Looking beyond teachers’ classroom behaviour:  Novice and 
experience ESL teachers’ pedagogical knowledge.   Language Teaching 
Research, 12(2), 161-182.  doi: 10.1177/1362168807086286 
Gutierrez, A., Jaime, A., & Fortuny, J. (1991).  An alternative paradigm to evaluate the 
acquisition of the van Hiele levels.  Journal for Research in Mathematics 
Education, 22(3), 237-251.  doi:  10.2307/749076 
Halim, L., & Meerah, S. (2002). Science trainee teachers' pedagogical content knowledge 
and its influence on physics teaching. Research in Science & Technological 
Education, 20(2), 215-225. doi:10.1080/0263514022000030462 
Hill, H. (2007). Mathematical knowledge of middle school teachers:  Implications for the 
No Child Left Behind policy initiative.  Educational Evaluation and Policy 
Analysis, 29(2), 95-114.  doi:10.3102/0162373707301711 
Hill, H. & Ball, D. (2004).  Learning mathematics for teaching:  Results from 
California’s mathematics professional development institutes.  Journal for 
Research in Mathematics Education, 35(5), 330-351.  Retrieved from JSTOR. 
Hill, H. & Ball, D. (2009).  The curious-and crucial-case of mathematical knowledge for 
teaching.  Phi Delta Kappan, 91(2), 68-71.  Retrieved from Academic Search 
Premier. 
Hill, H., Blunk, M., Charambous, C., Lewis, J., Phelps, G., Sleep, L., & Ball, D. (2008).  
 91  
Mathematical knowledge for teaching and the mathematical quality of instruction:  
An exploratory study.  Cognition and Instruction, 26, 430-511.  
doi:10.1080/07370000802177235 
Hill, H., Rowan, B., & Ball, D. (2005).  Effects of teachers’ mathematical knowledge for 
teaching on student achievement.  American Educational Research Journal, 
42(2), 371-406. doi:10.3102/00028312042002371 
Hill, H., Schilling, S., & Ball, D. (2004).  Developing measures of teachers’ mathematics 
knowledge for teaching.  The Elementary School Journal, 105(1), pp. 11-30.  
doi:10.1086/428763 
Hudson, P. (2007).  Examining mentors’ practices for enhancing preservice teachers’ 
pedagogical development in mathematics and science.  Mentoring and Tutoring, 
15(2), 201-217.  doi:10.1080/13611260610186394 
Jones, A. & Moreland, J. (2004).  Enhancing practicing primary school teachers’ 
pedagogical content knowledge in technology.  International Journal of 
Technology and Design Education, 14, 121-140.  
doi:10.1023/B:ITDE.0000026513.48316.39 
Kane, T., Rockoff, J., & Staiger, D. (2008).  What does certification tell us about teacher 
effectiveness?  Evidence from New York City.  Economics of Education Review, 
27, 615-631.  doi: 10.1016/j.econedurev.2007.05.005 
Major, C. & Palmer, B. (2006).  Reshaping teaching and learning:  The transformation of 
faculty pedagogical content knowledge.  Higher Education, 51, 619-647.  
doi:10.1007/s10734-004-1391-2 
Manizade, Agida (2006) Designing measures for assessing teachers' pedagogical content 
 92  
knowledge of geometry and measurement at the middle school level. (Ph.D. 
dissertation, University of Virginia). Retrieved from Dissertations & Theses: Full 
Text database. (Publication No. AAT 3235090). 
Martin, F. (2008).  Knowledge bases for effective teaching:  Beginning teachers’ 
development as teachers of primary geography.  International Research in 
Geographical and Environmental Education, 17(1), 13-39.  
doi:10.2167/irgee226.0  
Moyer-Packenham, P., Bolyard, J., Kitsantas, A., & Oh, H. (2008).  The assessment of 
mathematics and science teacher quality.  Peabody Journal of Education, 83, 
562-591.  doi:10.1080/01619560802414940 
National Council of Teachers of Mathematics (2008).  Principles and Standards for 
School Mathematics.  Virginia:  Reston. 
Ozden, M. (2008).  The effect of content knowledge on pedagogical content knowledge:  
The case of teaching phases of matters.  Educational Sciences:  Theory and 
Practice, 8(2), 633-645.  Retrieved from Academic Search Premier. 
Risko, V., Roller, C., Cummins, C., Bean, R., Block, C., Anders, P., and Flood, J. (2008).  
A critical analysis of research on reading teacher education.  Reading Research 
Quarterly, 43(3), 252-288.  doi:10.1598/RRQ.43.3.3 
Rodgers, C. & Raider-Roth, M. (2006).  Presence in teaching.  Teachers and Teaching:  
Theory and Practice, 12(3), 265-287.  doi:10.1080/13450600500467548 
Shulman, L.S. (1986).  Those who understand:  Knowledge growth in teaching.  
Educational Researcher, 15(2), 4-14.  doi:10.2307/1175860 
Smith, T., Desimone, L., & Ueno, K. (2005).  “Highly qualified” to do what? The 
 93  
relationship between NCLB teacher quality mandates and the use of reform-
oriented instruction in middle school mathematics.  Educational Evaluation and 
Policy Analysis, 27(1), 75-109.  doi: 10.3102/01623737027001075 
Swars, S., Hart, L., Smith, S., Smith, M., & Tolar, T. (2007).  A longitudinal study of 
elementary pre-service teachers’ mathematics beliefs and content knowledge.  
School Science and Mathematics, 107(9), 325-335.  doi:  10.1111/j.1949-
8594.2007.tb17797.x  
Talbert-Johnson, C. (2006).  Preparing highly qualified teacher candidates for urban 
schools:  The importance of dispositions.  Education and Urban Society, 39(1), 
147-160.  doi:10.1177/0013124506293321 
Usiskin, Z. (1982). Van Hiele levels and achievement in secondary school geometry 
(Final report of the Cognitive Development and Achievement in Secondary 
School Geometry Project). Chicago: University of Chicago, Department of 
Education. (ERIC Document Reproduction Service No. ED220288) 
Usiskin, Z. & Senk, S. (1990).  Evaluating a Test of Van Hiele levels: A response to 
Crowley and Wilson. Journal for Research in Mathematics Education, 21(3), 
242-245. doi:10.2307/749378 
Vale, C. (2010).  Supporting “out of field” teachers of secondary mathematics.  
Australian Mathematics Teacher, 66(1), 17-24.  Retrieved from Academic 
Search Complete database. 
Virginia Department of Education (2001).  Standards of Learning.  Retrieved from 
http://www.doe.virginia.gov/testing/sol/standards_docs/mathematics/inde
x.shtml  
 94  
Wilson, M. (1990). Measuring a Van Hiele geometry sequence: A reanalysis.  Journal for 
research in mathematics education, 21(3), 230-237.  doi:10.2307/749376 
Wright, P. & Wright, P. (2009). Glossary of Assessment Terms.  Retrieved from the 
Wrights Law website: 
http://www.wrightslaw.com/links/glossary.assessment.htm  
Zohar, A. & Schwartzer, N. (2005).  Assessing teachers’ pedagogical knowledge in the 
context of teaching higher-order thinking.  International Journal of Science 
Education, 27(13), 1595-1620.  doi: 10.1080/09500690500186592
 95 
 
 
Appendix A-Letter to Teacher Participants 
To all Northern Middle and Southern Middle math teachers:  
 My name is Sara Lenhart.  I am a math teacher at the high school in this county, 
and I am a doctorate student at Liberty University.  I need your help.  Enclosed is a hard 
copy of an assessment for you to fill out. It is for my dissertation for my Doctor of 
Education degree through Liberty University.  I know you are all busy with semester 
grades, but I was really hoping you could take time on these two half-days and the whole 
teacher-work day to fill out this assessment for me.  
 Dr. Congleton has given me permission to send these assessments to you but has 
asked me to make sure you understand it is not mandatory for the county.  That said, I 
would really appreciate your cooperation in doing this for me.  I know some of you are 
not teaching middle school math anymore, but my dissertation has been approved saying 
I would use the math teachers of last school year.   
Please take time to fill out this assessment.  Unfortunately, it is not multiple 
choice or short answer.  The questions are situational and require you to explain what you 
would do.  There are no right or wrong answers.  Your answers will give me some insight 
into what middle school teachers know as far as mathematical pedagogical content 
knowledge in geometry and measurement.   
I want to mention again that this will remain completely anonymous.  Notice the 
stamped envelope addressed to Laura Pittard enclosed.  She will collect the assessments 
for me, and write a 6, 7, or 8 on them according to what grade you teach.  That is the only 
information I will know about the person who completed the assessment.   
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I thank you in advance for your help in my dissertation process.  If you have any 
questions, please feel free to email me. 
Sincerely,  
Sara Talley Lenhart
 © 2006, Agida Manizade, Ph.D. All rights reserved. amanizade@radford.edu 
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Appendix B-The Instrument 
ITEM 1 
Some middle grade teachers at L. D. Pitt Middle School noticed that several of their 
students were making the same mistake in solving the following problem: 
Find the perimeter of the rectangular shape 
 
As these students worked, they counted by pointing to the locations marked 
with numbers, stopping at the 12 in each case. Finally, they would report a 
perimeter of 12, rather than 16 cm as expected. 
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Although these teachers agreed that this was a problem, they did not agree on what to 
do about it. Based on what you know as the classroom teacher: 
(a) What are some of the important mathematical ideas that the student might use to 
answer this question correctly? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
(b) What underlying mathematical misconception(s) or misunderstanding(s) might lead 
the student to the error presented in this item? How might the student have developed 
the misconception(s)? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________  
(c) What further question(s) might you ask to understand the student’s 
misconception(s)? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
 
(d) What instructional strategies and/or tasks would you use during the next 
instructional period to address the student’s misconception(s)? Why? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
__________________________________________________________________ 
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ITEM 2 
Some middle grade teachers at L. D. Pitt Middle School noticed that several of their 
students were making the same mistake in solving the following problem: 
Find the perimeter of the rectangular shape 
 
In trying to find the perimeter, the students pointed to each of the locations 
marked with dots on the figure and counted aloud as they touched each 
successive dot around the perimeter, reaching up to 16, as expected. 
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Although the teachers agreed the students were giving a correct numerical answer, 
teachers did not agree that the methodology was valid. They also did not agree on what 
to do about it. Based on what you know as the classroom teacher: 
 (a) What are some of the important mathematical ideas that the student might use to 
answer this question correctly? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________ 
(b) What underlying mathematical misconception(s) or misunderstanding(s) might lead 
the student to the error presented in this item? How might the student have developed 
the misconception(s)? What makes this example different from the ITEM 1? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________ 
(c) What further question(s) might you ask to understand the student’s 
misconception(s)? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________ 
(d) What instructional strategies and/or tasks would you use during the next 
instructional period to address the student’s misconception(s)? Why? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
If your answers do not fit in the space provided please use the back of this page or additional page to complete your answers.  
ITEM 3 
Ms. Timmerman noticed that some of her sixth graders made the following errors 
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when comparing the areas and perimeters of the shaded shapes in Figure 1 and 
shapes in Figure 2.  
 
 Students stated that shaded shapes in Figure 1 had the same areas; whereas the 
shapes in Figure 2 did not have the same area.  
 
 Students also stated that shaded shapes in Figure 1 had the same perimeters; 
whereas the shapes in Figure 2 had different perimeters. 
 
 
Figure 1 
 
Figure 2 
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As the classroom teacher, based on what you know: 
 (a) What are some of the important mathematical ideas that the student might use to 
be able to successfully compare shapes in Figure 1 and shapes in Figure 2?  
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
(b) What are the difficulties that Ms. Timmerman’s students are experiencing? What 
underlying mathematical misconception(s) or misunderstanding(s) might lead the 
student to the error presented in this item?  
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________  
(c) What further question(s) might you ask to understand the student’s 
misconception(s)? How might the student have developed the misconception(s)?  
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
(d) What instructional strategies and/or tasks would you use during the next 
instructional period to address the student’s misconception(s)? Why? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
If your answers do not fit in the space provided please use the back of this page or additional page to complete your answers.  
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ITEM 4 
Mr. Covert is planning his eighth grade geometry unit.  He wants to include the 
Pythagorean Theorem in this unit. He chooses the following as one of the activities 
for this unit.  
 
Activity 1: Using a graph paper (or computer software): 
 (a) Construct any right triangle;  
(b) Build 3 squares based on each side of the triangle; 
(c) Calculate the sum of the areas of the two smaller squares;  
(d) Compare this sum to the area of a square based on a largest side of the 
triangle;  
(e) Write a statement describing your findings. 
 
Based on what you know as a classroom teacher: 
(a) What are some of the important mathematical ideas that the students might use to 
successfully complete this activity? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________(b) What difficulties might the students 
encounter when completing this activity? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________  
(c) If the students are having difficulty understanding this theorem, what additional 
question(s) might you ask to help them with their thinking? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________  
(d) What are some of the strengths or limitations of this task? Would you change/adapt 
this activity? If yes, how would you change/adapt the activity? Why? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
__________________________________________________________ 
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ITEM 5 
Mr. Covert is planning his eighth grade geometry unit.  He wants to include the 
Pythagorean Theorem in this unit. He chooses the following activity as one of the 
activities for this unit.  
 
Activity 2: Consider the set of tangrams given below. Answer the following questions:  
If the area of tangram piece #2 is 1 square unit, what are the individual areas of pieces 
1, 3, 4, 5, 6, and 7? 
If the tangram piece #6 is 1 square unit, what are the individual areas of pieces 3, 2, 1, 4, 
5, and 7? 
Using some of the provided tangram pieces (you may choose to use more than one set 
of tangrams), construct the shape below in as many ways as you can. 
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Consider the following students’ solutions of the Pythagorean puzzle.  
                     
           Solution 1        Solution 2             Solution 3 
Based on what you know as a classroom teacher:  
(a) What are some of the important mathematical ideas that the students might use to 
successfully complete this activity? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________ 
(b) What difficulties might the students encounter when completing this activity? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________  
(c) How might you use the solutions given here as bases for further questions in order to 
help the students to understand the relationship described in the Pythagorean 
Theorem? What additional question(s) might you ask to help the students with their 
thinking? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________  
(d) What are some of the strengths or limitations of this task? Would you change/adapt 
this activity? If yes, how would you change/adapt the activity? Why? 
________________________________________________________________________
________________________________________________________________________ 
If your answers do not fit in the space provided please use the back of this page or additional page to complete your answers. 
Studeny 
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ITEM 6  
Mr. Covert is planning his eighth grade geometry unit.  He wants to include the 
Pythagorean Theorem in this unit. He chooses the following activity as one of the 
activities for this unit.  
 
Activity 3: Consider the diagram presented below. Explain why the shaded region in the 
figure on the right has the same area as the shaded region the figure on the left.  
 
 
Based on what you know as a classroom teacher:  
(a) What are some of the important mathematical ideas that the students might use to 
successfully complete this activity? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________ 
(b) What difficulties might the students have as they solve this problem? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________ 
(c) What further question(s) might you ask to help the students with understanding of 
the Pythagorean Theorem? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________ 
(d) What are some of the strengths or limitations of this task? Would you change/adapt 
this activity? If yes, how would you change/adapt the activity? Why? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________ 
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ITEM 7 
Mr. Covert is planning his eighth grade geometry unit.  He wants to include the 
Pythagorean Theorem in this unit. He has a diverse population of students with 
different levels of geometric development. Mr. Covert gathered a set of activities 
related to the Pythagorean Theorem that he believes would address different levels 
of geometric development.  He wants to include activities 1, 2, 3 as discussed in the 
preceding three items in his unit.  
 
 Which of these activities would be appropriate to include? Why, or why not? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________ 
 In what order should these activities be presented? Explain why you chose to put 
the activities in this particular order.  
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________ 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________ 
 
ITEM 8 
Ms. Wilson asked her seventh grade class to compare the areas of the parallelogram 
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and the triangle below. Both of the shapes have the same height.  
 
       
Two groups of students in Ms. Wilson’s class came to the correct conclusion that the 
areas are the same. However their explanations were different. The groups of students 
used the following diagrams to explain their answer: 
 
 
               
Solution of Group 1 
 
 
 
 
               
Solution of Group 2 
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Based on what you know as a classroom teacher: 
(a) What are some of the important mathematical ideas that the students might use to 
answer this question correctly? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
 
(b) Ms. Wilson is not sure that both of their explanations are correct. What do you 
think? Why?  
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
 
(c) Does either group present a mathematical misconception? If yes, what underlying 
mathematical misconception leads the students to this error? If no, how do these two 
groups of students differ in their thinking? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
(d) What instructional strategies and/ or tasks would you use during the next 
instructional period? Why? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
If your answers do not fit in the space provided please use the back of this page or additional page to complete your answers. 
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ITEM 9 
Ms. Mason is planning her seventh grade school geometry unit on area.  She has a 
diverse population of students with different levels of geometric development. Ms. 
Mason gathered a set of activities related to the concept of area that she believes 
would address different levels of geometric development.  She wants to include the 
following activities into her unit.  
Activity L: Find the area of the rectangle below using the given unit.  
                                   
Activity M: Find the area of the triangle below using the given unit.  
                                                 
Activity N: Find the area of the triangle below using the given unit.  
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For each activity please answer the following: 
1. What are some of the important mathematical ideas that the students might use to solve these 
problems correctly? 
Activity L 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
__________________________________________________ 
Activity M 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
__________________________________________________ 
Activity N 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
__________________________________________________2. What difficulties and/or common 
misconceptions related to this topic might the students have as they solve these problems? Explain your 
answers.  
Activity L 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
_________________________________________Activity M 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
_________________________________________Activity N 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________ 
3. What are some of the strengths or limitations of this task?  Would you change/adapt this activity? If 
yes, how would you change/adapt the activity? Why? 
Activity L 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
__________________________________________________Activity M 
______________________________________________________________________________________
______________________________________________________________________________________
______________________________________________________________________________________
__________________________________________________ 
Activity N 
______________________________________________________________________________________
______________________________________________________________________________________
___________________________________________________________ 
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ITEM 10 
Ms. Mason is planning her seventh grade geometry unit on area. She has a diverse 
population of students with different levels of geometric development. Ms. Mason 
gathered a set of activities related to the concept of area that she believes would 
address different levels of geometric development.  She wants to include the 
activities L, M, and N as discussed in the preceding item into her unit. 
 
(a) Which of these activities would be appropriate to include? Why, or why not? 
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________ 
(b) In what order should these activities be presented? Explain why you chose to 
put the activities in this particular order.   
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________
________________________________________________________________________ 
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Appendix C-Teacher Assessment Rating Scale 
ITEM 1 
Although these teachers agreed that this was a problem, they did not agree on what to 
do about it. Based on what you know as the classroom teacher: 
(a) What are some of the important mathematical ideas that the student might use to 
answer this question correctly? 
 Perimeter as a total number of units around the rectangle. 
 Appropriate units of measurements for length and/or width (1-D) units. Or 1-D 
unit of measurement as a line segment (1cm) 
 Perimeter as a sum of lengths of all sides of the shape. 
(b) What underlying mathematical misconception(s) or misunderstanding(s) might lead 
the student to the error presented in this item? How might the student have developed 
the misconception(s)? 
 Definition of perimeter could be counted as a total number of square units 
instead of linear units 
 Appropriate units and/or tools (appropriate attributes of tools used) of 
measurements 2-D could be used to measure 1-D measures. 
 Appropriateness of units of measurements are misunderstood 
The student might have developed the misconception by: 
 Using inappropriate manipulative 
 By the teacher failing to emphasize what is actually being counted when 
measuring perimeter, length, width (1-D units) 
 Using non standard units of measurement such as square tiles 
(c) What further question(s) might you ask to understand the student’s 
misconception(s)? 
 What is perimeter? 
 How do you measure/find perimeter? 
 How did you decide to count boxes? Or What does each of these numbers 
represent? 
 What are the units that are to be counted to find the perimeter? 
 Give me another example of perimeter calculations, Or ask “What is perimeter 
of …(give a box 1*1, 1*2, and 2*2)?”  
(d) What instructional strategies and/or tasks would you use during the next 
instructional period to address the student’s misconception(s)? Why? 
 Do more examples emphasizing the proper units of measurements 
Give an example of a line segment and ask them to measure its length, showing that 
a perimeter is the total number of line segments and not square units 
 The length and/or width is the total number of line segment on one side of the 
rectangle 
 Marking clearly appropriate units of measurements on the diagram with both 
non-standard and standard units of measurement 
 Using both standard and non standard tools of measurement 
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 If your answers do not fit in the space provided please use the back of this page or additional page to complete your answers.  
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ITEM 2 
Although the teachers agreed the students were giving a correct numerical answer, 
teachers did not agree that the methodology was valid. They also did not agree on what 
to do about it. Based on what you know as the classroom teacher: 
 (a) What are some of the important mathematical ideas that the student might use to 
answer this question correctly? 
 Perimeter as a total number of units around the rectangle or Counting units 
around the rectangle 
 Appropriate units of measurements for length and/or width (1-D) units, or 1-D 
unit of measurement as a line segment (1cm) 
 Perimeter as a sum of lengths widths of the sides of the shape. 
(b) What underlying mathematical misconception(s) or misunderstanding(s) might lead 
the student to the error presented in this item? How might the student have developed 
the misconception(s)? What makes this example different from the ITEM 1? 
 Definition of perimeter could be counted as a total number of square units 
instead of linear units 
 Appropriate tools and/or units of measurements 0-D could be used to measure 
1-D measures. 
The student might have developed the misconception by: 
 Using inappropriate manipulative 
 By the teacher failing to emphasize what is actually being counted when 
measuring perimeter, length, width (1-D units) 
 Using non standard units of measurement such as square tills 
 (c) What further question(s) might you ask to understand the student’s 
misconception(s)? 
 What is perimeter? 
 How do you measure/find perimeter? 
 How did you decide to count points? Or What does each of these numbers 
represent? 
 What are the units that are to be counted to find the perimeter? 
 Give me another example of perimeter calculations, Or ask “What is perimeter 
of …(give a box 1*1, 1*2, and 2*2)?”  
 (d) What instructional strategies and/or tasks would you use during the next 
instructional period to address the student’s misconception(s)? Why? 
 Do more examples emphasizing the proper units of measurements 
Give an example of a line segment and ask them to measure its length, showing that 
a perimeter is the total number of line segments and not points 
 The length and/or width is the total number of line segment on one side of the 
rectangle 
 Marking clearly appropriate units of measurements on the diagram with both 
non-standard and standard units of measurement 
 Using both standard and non standard tools of measurement 
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ITEM 3 
As the classroom teacher, based on what you know: 
 (a) What are some of the important mathematical ideas that the student might use to 
be able to successfully compare shapes in Figure 1 and shapes in Figure 2?  
 Area is the sum of shaded square units 
 Definition of perimeter 
 Non congruent  shapes (shapes that look the same) could sometimes have the 
same and sometimes not have the same  area or Just because the shapes are not 
congruent (do not have the same shape) does not mean that the areas are 
different 
 Congruent shapes have the same area/perimeter 
 (b) What are the difficulties that Ms. Timmerman’s students are experiencing? What 
underlying mathematical misconception(s) or misunderstanding(s) might lead the 
student to the error presented in this item?  
 Understanding the concepts of area and perimeter 
The misconceptions are: 
 Equivalence of areas and perimeters. (If the shapes do not look alike, they have 
different areas or If shapes do not look alike they have different perimeters) 
Look the same= identical 
(c) What further question(s) might you ask to understand the student’s 
misconception(s)?  
 What is area? What is perimeter? 
 How do you know if the shapes have the same area? How do you know if the 
shapes have the same perimeter? 
 Why do you think these areas /perimeters are different? 
 How do you find the area of this shape? How do you find the perimeter of the 
shape? 
 How might the student have developed the misconception(s)? 
 The lack of examples presented to students (stereotypical thinking).  
 (d) What instructional strategies and/or tasks would you use during the next 
instructional period to address the student’s misconception(s)? Why? 
 
 Compare shapes by: 
o Using different shapes (congruent, non congruent) that have the 
same area. 
o Using different shapes (non congruent) that have different areas 
 Have a discussion to ensure that students realize that shapes do not need to 
be identical to have the same area. 
 Focus on how to find an area of the shape 
 Focus on the number of square units that are included in the shape 
 Repeat all of this for perimeter. 
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ITEM 4 
 (a) What are some of the important mathematical ideas that the students might use to 
successfully complete this activity? 
 Right triangle, constructing a right triangle 
 Finding the area of a square 
 Square, constructing a square 
(b) What difficulties might the students encounter when completing this activity? 
 Constructing a right triangle 
 Constructing  a square 
 Finding the area of a square on the side of a triangle on which it is being 
constructed ( including calculation error) 
 Understanding that the size of the square depends on the length of the side of a 
triangle on which it is being constructed. 
(c) If the students are having difficulty understanding this theorem, what additional 
question(s) might you ask to help them with their thinking?  
 What is the area of each square? 
 Which one is the largest square? 
 What is the sum of the areas of two other squares? How does it compare to the 
area of the largest square? 
 (d) What are some of the strengths or limitations of this task? Would you change/adapt 
this activity? If yes, how would you change/adapt the activity? Why? 
Limitations:  
 Only presents one example (not sufficient to make generalization, not 
considered to be a proof)  
 If constructed by hand students may have to deal with error of measurement 
Strengths 
 Shows a concrete example of the Pythagorean Theorem 
 Appropriate for students that are on a visualization level of V-H scale 
Adoptions 
 Present/collect multiple results of the activity in order to make a generalization 
 Back the activity with actual proof of the theorem 
 Use software to make precise sketches and avoid errors, and generate multiple 
examples. 
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ITEM 5 
Based on what you know as a classroom teacher:  
(a) What are some of the important mathematical ideas that the students might use to 
successfully complete this activity? 
 Part to whole relationship 
 Area model of fractions 
 Area (of a triangle, square, parallelogram) 
 Unit of measurement 
 Properties isosceles, right triangles, and squares 
 Congruency and equivalence of the areas and the sides’ lengths 
 (b) What difficulties might the students encounter when completing this activity? 
 Difficulty visualizing 
 Not being able to identify equivalent areas or congruent length of sides 
 Difficulty using area of a piece as a unit of measurement 
 Difficulty using the length of the side of the piece as a unit of measurement 
 Difficulty recognizing properties of the shapes used  
 Computational error if students are identifying linear relationships of the sides 
and using formulas to calculate areas 
 (c) How might you use the solutions given here as bases for further questions in order 
to help the students to understand the relationship described in the Pythagorean 
Theorem? What additional question(s) might you ask to help the students with their 
thinking?  
 Ask students to justify that all presented solutions are acceptable and why? 
 Talk about the relationships of areas of triangles and squares involved 
 Ask students to manipulate the pieces within each presented solution to 
compare the areas of two “upper squares” or parts of them with the largest 
square. 
 Ask students to manipulate /rearrange the pieces between each solution to 
compare parts of the shape 
 What does all of the above tell me about the relationships of the areas of two 
“upper squares” compare to the largest square or perimeters of the triangles 
and squares involved? 
(d) What are some of the strengths or limitations of this task? Would you change/adapt 
this activity? If yes, how would you change/adapt the activity? Why? 
Strength: 
The activity forces students to think about relationships of the areas of different pieces 
as well as the relationships of their linear attributes. 
Limitations: 
 Does not have direct relationship to the Pythagorean Theorem. Only could be 
tied to a special case of the Pythagorean Theorem 
 Requires teacher knowledge of all possible solutions as well as teachers ability to 
ask follow up questions 
Adaptations 
 © 2006, Agida Manizade, Ph.D. All rights reserved. amanizade@radford.edu 
119 
 
 Create a list of follow up questions that would allow teachers to make a 
connection to Pythagorean Theorem  
 This can not be a stand alone activity should be followed by another hands-
on way of presenting the Pythagorean Theorem. 
 © 2006, Agida Manizade, Ph.D. All rights reserved. amanizade@radford.edu 
120 
 
ITEM 6  
(a) What are some of the important mathematical ideas that the students might use to 
successfully complete this activity? 
 What is area (triangle, square, and rectangle)? 
 Congruency(of triangles and lengths of the sides) 
 Equivalent areas 
 Part to whole relationship  
 
 (b) What difficulties might the students have as they solve this problem? 
 
 Visualizing that two triangles put together make a rectangle 
 Visualizing that shaded areas are equivalent; or Making an algebraic connection 
 
 (c) What further question(s) might you ask to help the students with understanding of 
the Pythagorean Theorem? 
 
 What is the area of the shaded region in the first figure? What are the areas of 
the shaded regions in the second diagram?  
 How do areas of triangles on the first diagram compare to the areas of the white 
rectangles on the second diagram 
 How could you algebraically describe the geometric relationship of the shaded 
regions in figure 1&2? 
 
 (d) What are some of the strengths or limitations of this task? Would you change/adapt 
this activity? If yes, how would you change/adapt the activity? Why? 
Strength: 
 Allows for student geometric reasoning (for students with different level of 
geometric development) 
 It is a good visual representation of the Pythagorean Theorem. Allows to see 
visual representation to algebraic relationship 
Limitations: 
 Visualization of the equivalent areas might be challenging 
Adaptations 
 Actual physical manipulation might be helpful to some students.  
 
 
 
Teacher will be at level 2(developing) if a teacher approaches this problem from a point 
of view that assumes students knowledge of the formula of the Pythagorean Theorem in 
order to solve this problem, and this is the only way the problem could be solved.  
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ITEM 7 
 
(a) Which of these activities would be appropriate to include? Why, or why not? 
 
 All three would be appropriate.  
 
 They are complimentary to each other; however the activity 2 &3 (especially #2)  
requires teachers to prepare a follow up questions to connect the activity to 
Pythagorean Theorem in order to help students with their thinking.  
 
 All three activities target different type of learners, and require different 
mathematical background in order to succeed in connecting geometry and 
algebra in the given context.   
 
(b) In what order should these activities be presented? Explain why you chose to put 
the activities in this particular order.  
 
 The order would be 1, 2, and 3 
 Activity 1 is a lower level activity that requires students to count number of units 
and directly compare them 
 Activity 2 allows for proportional reasoning (part to whole relationship), it also 
allows for manipulation of the pieces and direct comparison. However it only 
allows presenting a special case of the Pythagorean Theorem. 
 Activity 3 involves abstract algebraic thinking.  
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ITEM 8 
Based on what you know as a classroom teacher: 
(a) What are some of the important mathematical ideas that the students might use to 
answer this question correctly? 
 What is a parallelogram? What are the properties of the parallelogram? 
 Shapes that do not look alike could still have the equivalent areas 
 Congruent triangles, properties of triangle, mid-segment.  
 Area of triangles and parallelograms. 
 
(b) Ms. Wilson is not sure that both of their explanations are correct. What do you 
think? Why?  
 Although the second solution produces the correct answer the mathematical 
explanation is incorrect. The shape students created in this solution is not a 
parallelogram. 
 The first solution is the correct one because student based it on their 
understanding of properties of parallelograms (and triangles).  
(c) Does either group present a mathematical misconception? If yes, what underlying 
mathematical misconception leads the students to this error? If no, how do these two 
groups of students differ in their thinking? 
I        
 Yes, the second group does. 
 
II 
 Congruency of triangles. Transformations. Median allows creating 2 congruent 
triangles in any given triangle.  
 What makes a parallelogram (definition, and properties). 
III  
 N/A 
(d) What instructional strategies and/ or tasks would you use during the next 
instructional period? Why? 
 
I will follow this up with a congruency of triangle activities (hands-on, dynamic software) 
focusing on the properties of parallelograms to ensure their understanding.   
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ITEM 9 
For each activity please answer the following: 
1. What are some of the important mathematical ideas that the students might use to 
solve these problems correctly? 
Activity L  
Area of a rectangle (what it is and how to find it) 
Activity M 
 Area of a triangle (what it is and how to find it) 
 To find the area of irregular shape one may draw a rectangle around it and 
subtract all the “extra” spaces.  
 Area of a triangle is half of the area of the rectangle/parallelogram 
 Identifying the height and the base in a triangle 
Activity N  
 Area of a triangle (what it is and how to find it) 
 Decomposing triangles 
 Area of a triangle is half of the area of the rectangle/parallelogram 
 Identifying the height and the base in a triangle 
(Possibly but unlikely: To find the area of irregular shape one may draw a rectangle 
around it and subtract all the “extra” spaces) 
2. What difficulties and/or common misconceptions related to this topic might the 
students have as they solve these problems? Explain your answers.  
Activity L  
Understanding of what is the unit to be measured in 2-D, and how many are included in 
the shape. 
Activity M 
 If a student using the formula for finding the area of a triangle identifying a height in a 
scalene triangle with a corresponding base is a common difficulty. 
If students are not using the formula they will have difficulty on counting the units 
included in the given shape, they will have to find a different easer approach on finding 
the area (To find the area of irregular shape one may draw a rectangle around it and 
subtract all the “extra” spaces) 
Understanding the relationship between area of a triangle and rectangle/parallelogram 
with the same height and base 
Activity N  
Understanding the relationship between area of a triangle and rectangle/parallelogram 
with the same height and base 
3. What are some of the strengths or limitations of this task?  Would you 
change/adapt this activity? If yes, how would you change/adapt the activity? 
Why? 
Strengths: (a) Easy to visualize a 2-D unit , (b) Allows students to use decomposing of the 
shape to simplify the problem, and find alternative (to formula) ways of finding the area; 
or if they are using formula, forces students to identify appropriate height and the base.  
Limitations: The problems could be simply approached as problems for applying the 
formula of a triangle and a rectangle. 
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Adaptations: Would change problems by asking students to solve it more than one way, 
or ask them to solve the problems without using the formula.  
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ITEM 10 
 (a) Which of these activities would be appropriate to include? Why, or why not? 
 
 All three would be appropriate. They are complimentary to each other and relate 
to the concept of area 
 
 The activity also allows students an opportunity to challenge their understanding 
of the concept of area, with or without using the formula. 
 
(b) In what order should these activities be presented? Explain why you chose to put 
the activities in this particular order.   
 
The order of the activities would be L, N, M (lower to higher).   
 
If students are finding the area by counting the number of square units this problem 
requires that students identify the area of the rectangle that encloses the given 
triangle and subtracting the areas of the extra spaces.  
 
If the student is using the formula to calculate the area of the shapes, they need to 
be able to identify the base and the height of the triangle in shape M which is more 
difficult task for students since it is a scalene triangle, and generally students have 
difficulty working with such.  
 © 2006, Agida Manizade, Ph.D. All rights reserved. amanizade@radford.edu 
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Appendix E-All Teacher Answers by Question 
 
  A B C D E F G H I 
1a 3 2 3 2 3 1 3 2 3 
1b 1 3 3 2 3 2 3 2 3 
1c 2 2 3 3 3 2 3 2 2 
1d 3 2 3 2 2 1 2 2 2 
2a 2 2 2 3 3 1 2 2 3 
2b 3 3 2 2 2 1 2 2 3 
2c 2 1 2 3 3 1 3 2 2 
2d 3 2 2 3 3 1 3 2 2 
3a 2 3 2 2 3 2 3 2 3 
3b 2 3 3 3 3 1 2 2 3 
3c 3 2 2 2 3 2 2 2 2 
3d 2 1 3 3 3 1 3 2 2 
4a 2 2 3 3 3 1 3 2 3 
4b 2 1 3 2 2 1 1 2 2 
4c 1 1 3 3 2 1 1 2 2 
4d 2 2 2 1 3 1 3 2 3 
5a 1 2 2 2 3 1 3 2 3 
5b 1 1 2 2 2 2 3 2 2 
5c 1 1 1 2 3 2 2 2 2 
5d 2 2 1 1 2 2 2 2 1 
6a 1 3 3 2 2 2 3 2 2 
6b 3 2 3 3 3 1 3 2 2 
6c 1 2 2 2 1 1 1 2 2 
6d 1 2 2 1 2 2 2 2 2 
7a 2 2 2 1 3 1 3 2 3 
7b 3 2 2 2 3 2 3 2 1 
8a 1 2 3 3 3 2 2 2 1 
8b 1 3 2 2 3 1 2 2 2 
8c 1 2 2 1 1 1 2 2 1 
8d 1 3 3 2 2 2 2 2 1 
9 1 2 3 3 2 2 2 2 2 2 
9 2 2 2 3 2 2 1 3 2 1 
9 3 2 2 3 2 2 1 3 2 1 
10a 2 2 3 2 3 1 2 2 2 
10b 2 2 3 3 3 1 2 2 1 
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Appendix F-NMS student scores in geometry and measurement 
 
  Test Student Gender Overall SOL Score Geometry and Measurement Score  
Teacher C 7 M 481 32 
Teacher C 7 F 411 30 
Teacher C 7 F 388 27 
Teacher C 7 F 462 38 
Teacher C 7 M 381 32 
Teacher C 7 F 427 35 
Teacher C 7 F 385 24 
Teacher C 7 M 462 32 
Teacher C 7 F 462 30 
Teacher C 7 M 385 35 
Teacher C 7 M 435 32 
Teacher C 7 F 481 35 
Teacher C 7 M 471 32 
Teacher C 7 F 481 32 
Teacher C 7 F 419 32 
Teacher C 7 F 503 38 
Teacher C 7 M 388 25 
Teacher C 7 F 351 30 
Teacher C 7 M 366 27 
Teacher C 7 M 403 30 
Teacher C 7 F 381 30 
Teacher C 7 M 336 30 
Teacher C 7 F 411 35 
Teacher C 7 M 529 42 
Teacher C 7 M 435 35 
Teacher C 7 M 492 38 
Teacher C 7 F 472 35 
Teacher C 7 M 411 25 
Teacher C 7 F 453 32 
Teacher C 7 M 471 35 
Teacher C 7 F 366 30 
Teacher C 7 F 515 38 
Teacher C 7 M 444 32 
Teacher C 7 F 453 38 
Teacher C 7 M 444 38 
Teacher C 7 F 453 42 
Teacher C 7 M 358 30 
Teacher C 7 F 453 30 
Teacher C 7 M 462 42 
Teacher C 7 M 444 32 
Teacher C 7 F 453 32 
Teacher C 7 F 403 32 
Teacher C 7 F 492 32 
Teacher C 7 F 453 38 
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Teacher C 7 M 471 42 
Teacher C 7 M 529 42 
Teacher C 7 F 529 38 
Teacher C 7 M 427 38 
Teacher C 7 M 358 27 
Teacher C 7 F 403 32 
Teacher C 7 F 453 30 
Teacher C 7 M 411 32 
Teacher C 7 F 503 42 
Teacher C 7 F 503 50 
Teacher C 8 M 600 50 
Teacher C 8 F 600 50 
Teacher C 8 M 523 37 
Teacher C 8 M 524 50 
Teacher C 8 F 479 37 
Teacher C 8 F 589 42 
Teacher C 8 F 492 37 
Teacher C 8 F 541 37 
Teacher C 8 M 600 50 
Teacher C 8 M 600 42 
Teacher C 8 M 541 42 
Teacher C 8 F 562 42 
Teacher C 8 M 589 50 
Teacher C 8 F 589 42 
Teacher C 8 F 600 50 
Teacher C 8 F 589 50 
Teacher C 8 F 467 33 
Teacher D 7 F 419 42 
Teacher D 7 F 396 32 
Teacher D 7 F 471 35 
Teacher D 7 M 403 32 
Teacher D 7 F 343 30 
Teacher D 7 M 421 33 
Teacher D 7 F 366 25 
Teacher D 7 F 403 27 
Teacher D 7 F 396 35 
Teacher D 7 F 278 27 
Teacher D 7 F 403 30 
Teacher D 7 M 396 30 
Teacher D 7 M 481 35 
Teacher D 7 F 444 32 
Teacher D 7 M 437 38 
Teacher D 7 F 381 35 
Teacher D 7 M 462 35 
Teacher D 7 M 544 50 
Teacher D 7 F 435 32 
Teacher D 7 M 561 42 
Teacher D 7 F 453 35 
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Teacher D 7 M 419 38 
Teacher D 7 M 462 35 
Teacher D 7 M 492 30 
Teacher D 7 M 343 23 
Teacher D 7 M 481 35 
Teacher D 7 M 515 32 
Teacher D 7 F 561 38 
Teacher D 7 F 349 28 
Teacher D 7 M 435 32 
Teacher D 7 M 351 35 
Teacher D 7 F 343 30 
Teacher D 7 F 462 30 
Teacher D 7 F 419 38 
Teacher D 7 F 444 35 
Teacher D 7 F 492 38 
Teacher D 7 M 482 35 
Teacher D 7 M 358 30 
Teacher D 7 F 453 35 
Teacher D 7 M 453 38 
Teacher D 7 F 419 30 
Teacher D 7 F 444 32 
Teacher D 7 F 358 27 
Teacher D 7 M 453 38 
Teacher D 7 M 396 32 
Teacher D 7 M 435 35 
Teacher D 7 M 403 27 
Teacher D 7 F 444 32 
Teacher D 8 M 600 42 
Teacher D 8 F 600 50 
Teacher D 8 F 600 50 
Teacher D 8 M 600 50 
Teacher D 8 M 600 50 
Teacher D 8 M 600 42 
Teacher D 8 F 600 50 
Teacher D 8 M 600 42 
Teacher D 8 M 600 50 
Teacher D 8 F 541 33 
Teacher D 8 F 507 42 
Teacher D 8 F 507 37 
Teacher D 8 M 589 50 
Teacher D 8 F 600 50 
Teacher D 8 F 600 50 
Teacher D 8 M 600 50 
Teacher D 8 F 600 42 
Teacher D 8 F 600 50 
Teacher D 8 F 589 50 
Teacher D 8 F 600 50 
Teacher D 8 F 600 50 
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Teacher F 8 M 435 31 
Teacher F 8 F 479 28 
Teacher F 8 F 541 37 
Teacher F 8 M 390 33 
Teacher F 8 F 445 33 
Teacher F 8 F 492 42 
Teacher F 8 M 382 28 
Teacher F 8 F 390 21 
Teacher F 8 F 492 42 
Teacher F 8 M 495 33 
Teacher F 8 M 479 33 
Teacher F 8 F 523 42 
Teacher F 8 F 589 42 
Teacher F 8 M 435 31 
Teacher G 8 F 492 42 
Teacher G 8 F 467 37 
Teacher G 8 M 479 42 
Teacher G 8 F 562 37 
Teacher G 8 M 524 33 
Teacher G 8 F 600 50 
Teacher G 8 F 479 31 
Teacher G 8 M 507 37 
Teacher G 8 M 366 26 
Teacher G 8 F 562 37 
Teacher G 8 M 562 42 
Teacher G 8 F 562 42 
Teacher G 8 F 416 31 
Teacher G 8 F 589 50 
Teacher G 8 F 523 37 
Teacher G 8 F 541 42 
Teacher G 8 M 456 50 
Teacher G 8 F 541 42 
Teacher G 8 F 562 50 
Teacher G 8 F 562 50 
Teacher G 8 F 507 37 
Teacher G 8 M 507 50 
Teacher G 8 F 416 33 
Teacher G 8 M 445 37 
Teacher G 8 F 492 33 
Teacher G 8 F 600 50 
Teacher G 8 M 507 33 
Teacher G 8 F 562 50 
Teacher G 8 M 467 50 
Teacher G 8 F 507 37 
Teacher G 8 M 562 40 
Teacher G 8 F 589 50 
Teacher G 8 F 507 50 
Teacher G 8 F 523 42 
 132 
 
Teacher G 8 M 541 42 
Teacher G 8 M 600 50 
Teacher G 8 F 523 33 
Teacher G 8 M 467 31 
Teacher G 8 M 562 42 
Teacher G 8 F 562 42 
Teacher G 8 F 600 50 
Teacher G 8 M 600 50 
Teacher G 8 F 456 50 
Teacher G 8 F 523 42 
Teacher G 8 M 507 42 
Teacher G 8 M 407 21 
Teacher G 8 F 600 42 
Teacher G 8 F 523 33 
Teacher G 8 F 492 42 
Teacher G 8 M 523 42 
Teacher G 8 F 523 37 
Teacher G 8 F 600 50 
Teacher G 8 M 562 50 
Teacher G 8 M 479 33 
Teacher G 8 F 492 42 
Teacher G 8 F 479 33 
Teacher G 8 F 456 33 
Teacher G 8 M 541 37 
Teacher G 8 M 456 31 
Teacher G 8 M 399 33 
Teacher G 8 F 523 50 
Teacher G 8 F 600 42 
Teacher G 8 F 523 42 
Teacher G 8 F 600 50 
Teacher G 8 M 541 42 
Teacher H 6 M 521 36 
Teacher H 6 F 454 31 
Teacher H 6 F 505 33 
Teacher H 6 M 490 31 
Teacher H 6 M 541 36 
Teacher H 6 F 465 33 
Teacher H 6 M 565 50 
Teacher H 6 F 565 41 
Teacher H 6 M 392 28 
Teacher H 6 F 465 28 
Teacher H 6 M 454 28 
Teacher H 6 F 599 50 
Teacher H 6 F 490 41 
Teacher H 6 M 305 22 
Teacher H 6 M 505 36 
Teacher H 6 F 521 41 
Teacher H 6 M 408 31 
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Teacher H 6 F 362 26 
Teacher H 6 M 435 41 
Teacher H 6 F 400 33 
Teacher H 6 F 599 41 
Teacher H 6 F 559 40 
Teacher H 6 M 275 19 
Teacher H 6 F 490 36 
Teacher H 6 M 521 41 
Teacher H 6 M 565 41 
Teacher H 6 M 341 28 
Teacher H 6 F 490 36 
Teacher H 6 M 472 36 
Teacher H 6 M 417 26 
Teacher H 6 F 435 28 
Teacher H 6 F 477 36 
Teacher H 6 M 444 41 
Teacher H 6 F 505 36 
Teacher H 6 M 521 41 
Teacher H 6 M 408 28 
Teacher H 6 F 400 28 
Teacher H 6 M 425 31 
Teacher H 6 F 565 41 
Teacher H 6 M 425 28 
Teacher H 6 F 599 50 
Teacher H 6 M 355 28 
Teacher H 6 F 521 36 
Teacher H 6 F 444 31 
Teacher H 6 M 333 24 
Teacher H 6 F 600 50 
Teacher H 6 M 599 41 
Teacher H 6 F 465 28 
Teacher H 6 F 541 41 
Teacher H 6 F 444 33 
Teacher H 6 M 490 41 
Teacher H 6 F 392 28 
Teacher H 6 M 444 31 
Teacher H 6 M 400 41 
Teacher H 6 F 392 28 
Teacher H 6 F 355 24 
Teacher H 6 M 565 50 
Teacher H 6 M 440 32 
Teacher H 6 F 477 36 
Teacher H 6 M 435 36 
Teacher H 6 F 392 28 
Teacher H 6 M 377 28 
Teacher H 6 F 444 33 
Teacher H 6 F 490 33 
Teacher H 6 M 417 33 
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Teacher H 6 M 405 30 
Teacher H 6 M 362 26 
Teacher H 6 M 408 31 
Teacher H 6 F 450 32 
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Appendix G-SMS students scores in geometry and measurement 
 
  Test Student Gender Overall SOL Score Geometry and Measurement Score  
Teacher A 8 M 562 50 
Teacher A 8 M 523 50 
Teacher A 8 F 541 42 
Teacher A 8 M 600 50 
Teacher A 8 M 523 50 
Teacher A 8 F 492 50 
Teacher A 8 M 507 37 
Teacher A 8 F 600 50 
Teacher A 8 F 492 37 
Teacher A 8 F 541 50 
Teacher A 8 F 479 50 
Teacher A 8 F 523 50 
Teacher A 8 M 562 50 
Teacher A 8 M 541 50 
Teacher A 8 F 435 33 
Teacher A 8 M 382 33 
Teacher A 8 M 479 50 
Teacher A 8 M 492 37 
Teacher A 8 M 589 50 
Teacher A 8 F 450 33 
Teacher A 8 F 414 30 
Teacher A 8 M 523 50 
Teacher A 8 F 523 37 
Teacher A 8 M 426 33 
Teacher A 8 M 492 42 
Teacher A 8 M 467 33 
Teacher A 8 M 523 42 
Teacher A 8 F 562 40 
Teacher A 8 M 600 50 
Teacher A 8 F 435 42 
Teacher A 8 F 471 33 
Teacher A 8 M 523 42 
Teacher A 8 M 562 50 
Teacher A 8 M 426 28 
Teacher A 8 M 382 33 
Teacher A 8 M 445 50 
Teacher A 8 F 562 42 
Teacher A 8 M 507 50 
Teacher A 8 F 562 50 
Teacher A 8 M 435 33 
Teacher A 8 M 479 28 
Teacher A 8 M 562 42 
Teacher A 8 F 541 50 
Teacher A 8 M 467 31 
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Teacher A 8 F 405 30 
Teacher A 8 M 507 37 
Teacher A 8 F 492 42 
Teacher A 8 M 422 30 
Teacher A 8 F 541 50 
Teacher B 6 F 490 41 
Teacher B 6 M 450 36 
Teacher B 6 M 505 33 
Teacher B 6 M 425 28 
Teacher B 6 M 599 50 
Teacher B 6 M 297 24 
Teacher B 6 F 477 41 
Teacher B 6 F 413 32 
Teacher B 6 F 348 26 
Teacher B 6 M 505 41 
Teacher B 6 F 348 26 
Teacher B 6 F 408 36 
Teacher B 6 F 465 31 
Teacher B 6 F 477 36 
Teacher B 6 M 465 33 
Teacher B 6 F 599 41 
Teacher B 6 M 384 24 
Teacher B 6 F 521 41 
Teacher B 6 M 505 36 
Teacher B 6 M 417 31 
Teacher B 6 M 465 36 
Teacher B 6 M 490 33 
Teacher B 6 M 505 41 
Teacher B 6 F 465 36 
Teacher B 6 M 377 26 
Teacher B 6 F 400 26 
Teacher B 6 M 490 41 
Teacher B 6 F 440 30 
Teacher B 6 F 425 28 
Teacher B 6 M 444 36 
Teacher B 6 M 477 36 
Teacher B 6 M 341 24 
Teacher B 6 F 505 33 
Teacher B 6 M 425 31 
Teacher B 6 F 477 33 
Teacher B 6 M 505 33 
Teacher B 6 M 400 31 
Teacher B 6 M 521 33 
Teacher B 6 M 477 33 
Teacher B 6 M 499 40 
Teacher B 6 F 477 31 
Teacher B 6 F 541 36 
Teacher B 6 F 490 36 
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Teacher B 6 F 444 41 
Teacher B 6 F 490 36 
Teacher B 6 F 454 31 
Teacher B 6 M 600 41 
Teacher B 6 M 521 33 
Teacher B 6 M 400 33 
Teacher B 6 F 472 36 
Teacher B 6 M 565 36 
Teacher B 6 F 565 50 
Teacher B 6 F 515 36 
Teacher B 6 M 490 41 
Teacher B 6 M 408 36 
Teacher B 6 F 515 36 
Teacher B 6 M 521 41 
Teacher B 6 M 417 28 
Teacher B 6 M 408 31 
Teacher B 6 M 244 11 
Teacher B 6 M 454 41 
Teacher B 6 M 319 22 
Teacher B 6 F 541 41 
Teacher B 6 F 599 41 
Teacher B 6 F 465 36 
Teacher B 6 M 444 26 
Teacher B 6 F 444 33 
Teacher B 6 M 417 28 
Teacher B 6 M 425 33 
Teacher B 6 M 559 40 
Teacher B 6 F 305 26 
Teacher B 6 F 435 31 
Teacher B 6 M 541 41 
Teacher B 6 M 465 36 
Teacher B 6 F 425 31 
Teacher B 6 F 384 26 
Teacher B 6 F 490 50 
Teacher B 6 F 535 36 
Teacher B 6 F 348 28 
Teacher B 6 M 490 41 
Teacher B 6 F 541 50 
Teacher B 6 F 444 36 
Teacher B 6 M 599 41 
Teacher B 6 M 465 41 
Teacher B 6 F 465 41 
Teacher B 6 F 444 33 
Teacher B 6 F 440 40 
Teacher B 6 F 460 32 
Teacher B 6 M 454 41 
Teacher B 6 M 408 31 
Teacher B 6 M 472 36 
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Teacher B 6 M 425 31 
Teacher B 6 M 392 33 
Teacher B 6 F 565 36 
Teacher B 6 M 435 31 
Teacher B 6 M 326 26 
Teacher B 6 M 465 41 
Teacher B 6 F 521 36 
Teacher E 7 F 381 30 
Teacher E 7 F 453 38 
Teacher E 7 M 471 32 
Teacher E 7 F 373 20 
Teacher E 7 M 453 30 
Teacher E 7 F 396 30 
Teacher E 7 M 435 35 
Teacher E 7 F 503 35 
Teacher E 7 F 373 27 
Teacher E 7 M 429 33 
Teacher E 7 F 419 35 
Teacher E 7 M 388 27 
Teacher E 7 F 453 30 
Teacher E 7 F 529 42 
Teacher E 7 M 351 23 
Teacher E 7 M 427 32 
Teacher E 7 F 388 35 
Teacher E 7 F 373 27 
Teacher E 7 M 336 25 
Teacher E 7 F 343 23 
Teacher E 7 M 419 32 
Teacher E 7 F 411 25 
Teacher E 7 F 381 25 
Teacher E 7 M 462 32 
Teacher E 7 F 351 23 
Teacher E 7 M 336 27 
Teacher E 7 F 427 38 
Teacher E 7 M 435 30 
Teacher E 7 M 411 30 
Teacher E 7 M 411 32 
Teacher E 7 M 419 32 
Teacher E 7 M 381 35 
Teacher E 7 M 427 32 
Teacher E 7 M 503 38 
Teacher E 7 M 462 35 
Teacher E 7 F 445 33 
Teacher E 7 M 427 35 
Teacher E 7 F 403 35 
Teacher E 7 F 373 30 
Teacher E 7 M 343 23 
Teacher E 7 M 388 25 
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Teacher E 7 M 388 30 
Teacher E 7 F 515 50 
Teacher E 7 F 411 38 
Teacher E 7 F 419 42 
Teacher E 7 M 419 30 
Teacher E 7 F 492 35 
Teacher E 7 F 427 32 
Teacher E 8 F 492 33 
Teacher E 8 F 589 42 
Teacher E 8 M 492 33 
Teacher E 8 F 600 50 
Teacher E 8 M 523 50 
Teacher E 8 M 541 37 
Teacher E 8 M 467 37 
Teacher E 8 F 562 42 
Teacher E 8 F 589 42 
Teacher E 8 F 600 42 
Teacher E 8 F 562 42 
Teacher E 8 F 600 42 
Teacher E 8 F 541 31 
Teacher E 8 M 523 50 
Teacher E 8 F 600 42 
Teacher E 8 M 467 37 
Teacher E 8 F 445 37 
Teacher E 8 M 507 31 
Teacher E 8 M 523 50 
Teacher E 8 M 600 50 
Teacher E 8 M 523 37 
Teacher E 8 F 492 37 
Teacher E 8 M 541 37 
Teacher E 8 M 541 42 
Teacher E 8 M 562 50 
Teacher E 8 F 589 50 
Teacher E 8 M 492 50 
Teacher E 8 M 600 50 
Teacher E 8 F 562 50 
Teacher E 8 F 562 42 
Teacher E 8 F 600 50 
Teacher E 8 F 456 42 
Teacher E 8 F 541 37 
Teacher E 8 M 541 37 
Teacher E 8 M 479 31 
Teacher E 8 M 600 42 
Teacher E 8 F 562 42 
Teacher E 8 M 600 50 
Teacher E 8 F 445 31 
Teacher E 8 M 445 42 
Teacher I 6 F 408 26 
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Teacher I 6 M 477 41 
Teacher I 6 M 382 32 
Teacher I 6 M 505 36 
Teacher I 6 M 454 28 
Teacher I 6 M 348 28 
Teacher I 6 M 341 24 
Teacher I 6 M 477 33 
Teacher I 6 M 490 31 
Teacher I 6 F 454 41 
Teacher I 6 F 425 26 
Teacher I 6 F 599 50 
Teacher I 6 M 435 31 
Teacher I 6 F 565 36 
Teacher I 6 F 417 26 
Teacher I 6 F 490 36 
Teacher I 6 M 541 41 
Teacher I 6 M 565 41 
Teacher I 6 M 465 28 
Teacher I 6 M 465 41 
Teacher I 6 M 440 40 
Teacher I 6 M 465 41 
Teacher I 6 M 435 33 
Teacher I 6 M 435 41 
Teacher I 6 M 600 41 
Teacher I 6 F 600 50 
Teacher I 6 F 384 26 
Teacher I 6 F 425 28 
Teacher I 6 F 465 31 
Teacher I 6 F 565 41 
Teacher I 6 F 477 31 
Teacher I 6 M 444 33 
Teacher I 6 F 435 28 
Teacher I 6 F 600 41 
Teacher I 6 M 369 22 
Teacher I 6 M 392 33 
Teacher I 6 F 600 50 
Teacher I 6 F 465 31 
Teacher I 6 F 521 36 
Teacher I 6 M 430 32 
Teacher I 6 F 355 26 
Teacher I 6 M 400 26 
Teacher I 6 M 521 36 
Teacher I 6 F 599 50 
Teacher I 6 M 599 41 
Teacher I 6 M 541 50 
Teacher I 6 F 465 33 
Teacher I 6 M 485 36 
Teacher I 6 M 425 33 
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Teacher I 6 M 408 28 
Teacher I 6 M 425 24 
Teacher I 6 M 435 31 
Teacher I 6 F 435 31 
Teacher I 6 F 477 33 
Teacher I 6 F 600 50 
Teacher I 6 M 362 26 
Teacher I 6 M 408 28 
Teacher I 6 M 400 31 
Teacher I 6 M 600 50 
Teacher I 6 F 541 36 
Teacher I 6 F 425 28 
Teacher I 6 M 559 40 
Teacher I 6 M 408 28 
Teacher I 6 F 565 50 
Teacher I 6 F 400 26 
Teacher I 6 F 408 28 
Teacher I 6 M 599 41 
Teacher I 6 M 600 50 
Teacher I 6 F 490 36 
Teacher I 6 F 435 31 
Teacher I 6 M 541 36 
 
